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How does our Universe work?Classical physics + gravity:  F = G
m1m2

r2

Atom: QM + Coulomb:

e−

p+, n

∼ 10−10 m

F = kC
q1q2

r2

Atomic nucleus:  QM/QFT  +  ??

∼ 10−15 m

But what holds  
protons and neutrons 

together?

p+n



Strong Interaction 
www.scitechdaily.com

The Standard Model: SU(3)c  SU(2)L  U(1)× ×

http://www.scitechdaily.com


Is there a way to simplify the picture (without losing connection to QCD)?

Deuteron as a bound state of quarks and gluons



Weinberg’s 3rd law of progress in theoretical physics:

You may use any degrees of freedom you like to describe a physical 
system, but if you use the wrong ones, you will be sorry…

in Asymptotic Realms of Physics, MIT Press, Cambridge, 1983

  non-relativistic description in the framework of the A-body Schrödinger equation:⇒

] |Ψ⟩ = E |Ψ⟩V2N + V3N + V4N + …[(
N

∑
i=1

− ⃗∇2

2m
+ 𝒪(m−3)) +

derived in ChPT

Typical momenta of nucleons in nuclei:

⟨Ψ | ̂p |Ψ⟩ ∼ 50 − 300 MeV

Fermi-momentum at the saturation density:

pF = (3/2π2ρ)1/3 ∼ 270 MeV

 Degrees of freedom
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ments were carried out in an “inverse kinematics” mode: a
beam of 10C isotopes, accelerated by the ISAC rare-isotope
beam facility at TRIUMF, Canada’s national laboratory for
nuclear and particle physics, bombarded a solid hydrogen
target with 10C nuclei at a rate of 2000 particles per sec-
ond (see Fig. 1). Using position-sensitive detectors, the
researchers determined the probability, or cross section, of
a proton scattering from a carbon atom at a particular an-
gle. This angular dependence serves as a “fingerprint” for
the strong-force interactions within the nuclei.

The use of 10C entails two important advantages. First, it
is a nucleus that lies exactly at a nuclear proton dripline—the
boundary in the chart of nuclides beyond which nuclei lose
stability. Adding one more proton to such a dripline nu-
cleus results in an unstable nucleus that immediately decays
radioactively. The neighbors of 10C in the nuclide chart
(nitrogen-11, berylium-8, and boron-9) are unstable. Since
the nuclear force determines the delicate balance between
stability and instability, the sensitivity of nuclear structure
to the strong force becomes more pronounced at the dripline.
This makes dripline nuclei extremely interesting from both
a theoretical and an experimental perspective.

The second advantage of 10C concerns the theoretical de-
scription of experiments of protons scattered from it. In a
scattering event, one has to consider, in addition to a proton-
10C pair, a virtual intermediate state in which a proton is
added to 10C to form nitrogen-11 (11N). Because 11N is
unbound, only a few of its excited-state levels have to be con-
sidered at the energies relevant for the experiment, easing
the theoretical analysis. Well-bound nuclei would exhibit a
much larger level density, making their reactions more diffi-
cult to describe theoretically.

The authors analyze proton scattering from 10C using an
ab initio model that accounts for the effects of both bound
and unbound states [9]. This approach allows them to
precisely describe both a system consisting of a proton sep-
arated from 10C and one with all nucleons close together
(11N). Employing recent parametrizations for the three-
nucleon force obtained through chiral EFT, Kumar et al.
compared the experimentally determined cross section with
theoretical predictions from three existing chiral EFT mod-
els for the strong force: one that includes two-nucleon forces
only, called the NN model, and two that include different
parametrizations of both two- and three-body interactions,
called the NN + 3N400 and N2LOsat models.

Their analysis showed that the angular distribution of
low-energy elastically scattered protons is a sensitive ob-
servable for testing strong-force models, in particular for
the three-nucleon force. The N2LOsat model (described in
Ref. [10]) delivered the best agreement with the angle-
dependence data. The reason for its success may lie in the
fact that compared to the NN + 3N400 model, the N2LOsat
model is constructed by fitting the ground-state properties

Figure 2: An ideal path to the theoretical modeling of nuclei and
nucleonic matter. Quantum chromodynamics (QCD) provides the
fundamental description for quarks and gluons, but it cannot
compute many properties of nuclear systems. Lattice QCD
calculations, however, may deliver effective many-body
interactions that can be incorporated into chiral EFT, an effective
field theory that simplifies the problem by using nucleons as
effective degrees of freedom. Many-body computations use such
interactions to solve nuclear few- and many-body problems.
Experiments like that performed by Kumar et al. [2] can provide
sensitive tests of this theoretical approach. (APS/Alan
Stonebraker)

of a larger set of nuclei. The inclusion of more neutron-rich
nuclei, in particular, likely gives better constraints for three-
nucleon forces than those derived from light nuclei such as
deuterium, tritium, helium-3, or helium-4. It is worth not-
ing, however, that all models, including N2LOsat, failed to
reproduce the magnitude of the scattering cross section.

The work of Kumar and colleagues illustrates a paradig-
matic approach (see Fig. 2) to achieving a grand goal of nu-
clear physics: developing a predictive theory that is strongly
grounded in QCD. Ideally, we would like to compute prop-
erties of nucleonic matter using QCD. Since this problem
is too complex, it can be approximated first by using chi-
ral EFT to construct nuclear interactions. Such interactions
can in turn be used to solve nuclear few- and many-body
problems. The success of such an approach relies on the
theory-experiments synergy that is at the very heart of the
scientific method. On the theoretical front, QCD approaches
like lattice QCD, which formulates the theory on a discrete,
as opposed to continuous, spacetime, will need to deliver
EFT Hamiltonians that are more directly connected to the
underlying theory for the strong force. At the experimental
level, approaches like that of Kumar et al. will help re-
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low resolution

Fundamental degrees of freedom
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 From QCD to nuclear physics

effective chiral Lagrangian ℒeff(π, N )

— S-matrix (ππ, πN, ππN, …)

approximate chiral SU(2)   SU(2)  symmetryL × R

EFT (chiral perturbation theory)

— nuclear forces and currents

Quantum mechanical few-  
and many-body methods

EFV

La
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C
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finite-volume methods

The Standard Model (QCD, …)

proton nuclei neutron stars

Hadron/nuclear structure and dynamics

EFT

Schwinger-Dyson , large-Nc, …



 Chiral perturbation theory

 invariantSU(Nf)L × SU(Nf)R small for Nf = 2, (3)
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q̄LiDqL + q̄RiDqR � qLMqR � qRMqL

1

SSB to         GBsSU(Nf)V ≤ SU(Nf)L × SU(Nf)R ⇒ Nf
2 − 1

Low-energy QCD dynamics can be described in terms of ℒeff[GBs + matter fields (N, Δ…)]
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QCD and the chiral symmetry

Chiral perturbation theory Weinberg, Physica A96 (79) 327;  Gasser, Leutwyler, NPB 250 (85) 465;  Leutwyler, Annals Phys. 235 (94) 165
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S-matrix
chiral expansion

Q =
momenta ∼ Mπ ∼ 140 MeV

breakdown scale Λb

pion fields
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di N̄Ô(3)[⇤]N + . . .

L(2)
⇥N =

⇧

i

ci
�
N̄Ô(2)[⇤]N

⇥

c3 = �3.88868749 GeV�1

(�c3)
N3LO, loops = 0.85 GeV�1

T (s ) = U(s ) +
⌃ ⌅

4m2
N

ds⇤

⇤

s� µ2
M

s⇤ � µ2
M

T (s) ⌅(s⇤)T ⇥(s⇤)

s⇤ � s� i⇥
. (1)

1

low-energy constants

T = V + V G0T = V + V G0V + V G0V G0V + . . .

L⇡ = L
(2)

⇡ + L
(4)

⇡

L⇡N = N̄

✓
i�

µ
Dµ[⇡]�m+

gA

2
�
µ
�5uµ[⇡]

◆
N +

X

i

ciN̄Ô
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(3)

i [⇡]N +

X

i

eiN̄Ô
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where the loop function L(q) is defined according to

L(q) =

√

q2 + 4M2
π

q
log

√

q2 + 4M2
π + q

2Mπ
. (3.17)

Interestingly, we observe that there are no 1/m-contributions to the two-pion exchange 3NF at this order. In particular,
no N4LO contributions emerge from diagrams (18) and (19) in Fig. 2 since all leading (subleading) 1/m-corrections to
the πNN (ππNN) vertex involve at least one time derivative. When evaluating the corresponding Feynman diagrams,
these time derivatives generate insertions of the nucleon kinetic energy which are further suppressed by the factor
Q/m. In addition, diagrms (20) and (21) are found not to generate any irreducible pieces.

The expressions for the 2π-exchange 3NF up to N4LO discussed above depend on a number of low-energy constants.
Here and in what follows, we use the values2

gA = 1.267 , Fπ = 92.4 MeV , Mπ = 138.03 MeV . (3.18)

The LECs ci, d̄i and ēi can be most naturally determined from pion-nucleon scattering (at least) at the subleading-
loop order (i.e. Q4). The heavy-baryon analyses of pion-nucleon scattering at orders Q3 and Q4 can be found in
Refs. [32, 45, 46], see also Refs. [44, 47, 48] for the calculations within the manifestly covariant framework, Ref. [49]
for a related calculation which extends chiral EFT to higher energies by employing constraints set by causality and
unitarity and Ref. [50] for a recent review on baryon chiral perturbation theory. Unfortunately, we cannot use the
values of the LECs obtained in these studies since we use a different counting scheme for the nucleon mass in the
few-nucleon sector, namely Q/m ∼ Q2/Λ2

χ [51] rather then m ∼ Λχ as used in the single-nucleon sector, see [52] for
an extended discussion. In the next section, we re-analyze pion-nucleon scattering at order Q4 in the heavy-baryon
approach utilizing our counting scheme for the nucleon mass and determine all relevant LECs from a fit to the available
partial wave analyses.

IV. DETERMINATION OF THE LECS FROM πN SCATTERING AT ORDER Q4

In the center-of-mass system (cms), the amplitude for the reaction πa(q1) + N(p1) → πb(q2) + N(p2) with p1,2 and
q1,2 being the corresponding four-momenta and a, b referring to the pion isospin quantum numbers, takes the form:

T ba
πN =

E +m

2m

(

δba
[

g+(ω, t) + iσ⃗ · q⃗2 × q⃗1 h
+(ω, t)

]

+ iϵbacτc
[

g−(ω, t) + iσ⃗ · q⃗2 × q⃗1 h
−(ω, t)

]

)

. (4.19)

Here, ω = q01 = q02 is the pion cms energy, E1 = E2 ≡ E = (q⃗ 2 +m2)1/2 the nucleon energy and q⃗1 2 = q⃗2 2 ≡ q⃗ 2 =
((s−M2

π −m2)2− 4m2M2
π)/(4s). Further, t = (q1− q2)2 is the invariant momentum transfer squared while s denotes

the total cms energy squared. The quantities g±(ω, t) (h±(ω, t)) refer to the isoscalar and isovector non-spin-flip
(spin-flip) amplitudes and can be calculated in chiral perturbation theory. In Appendix B, we show the contributions
to the amplitudes up to and including the order Q4 using the same counting scheme for the nucleon mass as in the

2 Since we employ exact isospin limit in this work, we do not distinguish between the charge and neutral pion masses and use Mπ =
2M

π+/3 +Mπ0/3.
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FIG. 3. (Color online) Results of the fit for πN s-, p-, and d-wave phase shifts using the GW partial wave analysis of Ref. [56]. The solid
curves correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2 calculation.

parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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Q4 �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �10.41 6.08 �0.37 3.26

⇥3 + Q4 �0.95 1.90 �1.78 1.50 2.40 �3.87 1.21 �5.25 �0.24 �6.35 2.34 �0.39 2.81

�-contribution 0 2.81 �2.81 1.40 2.39 �2.39 0 �4.77 1.87 �4.15 4.15 �0.17 1.32

�p
0(0) = 4.45µ�2 � 8.31µ�1 + 6.03µ0 + 3.22µ + . . . = 4.64 [10�4 fm4]

µ ⇥ M⇥/mN

c�2 = �c�3 = 2c�4 =
4h2

A

9(m� � mN)
⇤ 2.8GeV�1

1

� �i/�
n
⇥, �i = O(1)

Le� = L� + L�N

ci di ei

LEC N2LO fits ⌅ + ⇤ + ⌃

C̃res
1S0 �(0.12 . . . 0.16) �0.12

Cres
1S0 (1.16 . . . 1.37) 1.28

C̃res
3S1 �(0.13 . . . 0.16) �0.10

Cres
3S1 (0.42 . . . 0.72) 0.66

Cres
�1 �(0.36 . . . 0.47) �0.41

LEC Fit value Fit value

g1 1.37 ± 0.30 2.27 (fixed)

b3 [GeV�1] 1.76 ± 0.95 1.79 ± 1.23

b4 [GeV�1] 0.14 ± 0.39 �0.67 ± 0.54

b5 [GeV�1] 4.21 ± 0.47 5.10 ± 0.66

b6 [GeV�1] �2.11 ± 0.97 �2.30 ± 1.23

⇧2/dof 5.15 5.53

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē15 ē16 ē17 ē18
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Q4 �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �10.41 6.08 �0.37 3.26

⇥3 + Q4 �0.95 1.90 �1.78 1.50 2.40 �3.87 1.21 �5.25 �0.24 �6.35 2.34 �0.39 2.81

�-contribution 0 2.81 �2.81 1.40 2.39 �2.39 0 �4.77 1.87 �4.15 4.15 �0.17 1.32

�p
0(0) = 4.45µ�2 � 8.31µ�1 + 6.03µ0 + 3.22µ + . . . = 4.64 [10�4 fm4]

µ ⇥ M⇥/mN

c�2 = �c�3 = 2c�4 =
4h2

A

9(m� � mN)
⇤ 2.8GeV�1

1

Q2

Q3 Q4

H. KREBS, A. GASPARYAN, AND E. EPELBAUM PHYSICAL REVIEW C 85, 054006 (2012)

0 50 100 150 200
0

5

10

δ 
[d

eg
re

e]

0 50 100 150 200
-10

-5

0

0 50 100 150 200

-2

0

2

0 50 100 150 200

-2
-1
0

δ 
[d

eg
re

e]

0 50 100 150 200
-2

-1

0

0 50 100 150 200
0

15

30

0 50 100 150 200
pLab [MeV/c]

0

0.1

0.2

δ 
[d

eg
re

e]

0 50 100 150 200
0

0.04

0.08

0 50 100 150 200
pLab [MeV/c]

0

0.1

0.2

0 50 100 150 200
pLab [MeV/c]

-0.2

-0.1

0

S11

S31

P11

P33P13P31

D13 D33 D15

D35

FIG. 3. (Color online) Results of the fit for πN s-, p-, and d-wave phase shifts using the GW partial wave analysis of Ref. [56]. The solid
curves correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2 calculation.

parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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 Chiral EFT for nuclear systems
For few-N, ladder diagrams are enhanced and must be re-summed  Weinberg ’90, ’91

T = V + VG0V + VG0VG0V + … = V + VG0T

(divergent integrals in the Lippmann-Schwinger equation are usually regularized with a cutoff Λ)

V V V…

  few-nucleon irreducible diagrams 
(no enhancement, ChPT)

∑
G0 =

m
⃗k2 − ⃗p2 + iϵ

Renormalization of NLO amplitude Renormalization of NLO amplitude 

to arbitrary order in Vto arbitrary order in V0.0.

BPHZ subtraction schemeBPHZ subtraction scheme
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 N. N. Bogoliubov, O. S. Parasiuk, AM97, 227 (1957); K. Hepp, CMP2, 301 (1966); W. Zimmermann, CMP15, 208 (1969)

Subtraction operation:

Renormallized amplitude 
(forest formula):

Finite-cutoff EFT (  MeV)  Lepage, EE, Gegelia, Meißner, Reinert, Entem, Machleidt, … Λ ∼ Λb ∼ 600

— implicit renormalization (achieved by tuning bare LECs to data)

— explicit proof of renormalizability (in the EFT sense)  
     has been given to NLO using the BPHZ formalism

Ashot Gasparyan, EE, PRC 105 (22);  PRC 107 (23)

— approximate Λ-independence of calculated observables has to be verified a posteriori



 Chiral expansion of the nuclear forces The Hamiltonian Nuclear χEFT in the Precision Era Evgeny Epelbaum
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Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.
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context of chiral EFT.

4

Weinberg ’90

Entem, Kaiser, Machleidt, Nosyk ’15

van Kolck et al. ’94 
Friar, Coon ’94  
Kaiser et al. ’97 
Epelbaum et al. ’98

van Kolck ’94; Epelbaum et al. ’02

Kaiser ’00-‘02 Bernard, Epelbaum, Krebs, Meißner ’08, ’11 Epelbaum ’06, ’07

Girlanda et al.’11, Krebs et al. ’11,’13

Chiral dynamics:  Long-range interactions are predicted in terms of on-shell amplitudes

(NDA, chiral EFT with pions and nucleons as the only DoF)

Explains the observed hierarchy of nuclear forces Weinberg, van Kolck, Friar



Man
de

lst
am

 tri
an

gle

s =
0 u =

0

t = 0 t = 4M2
π

t = M2
ρ

s =
(m N

+
M π)

2u =
(m

N +
M

π ) 2

 [ ]ν Mπ

 [
]

t
M

2 π

0 2 4-2-4

0

-20

20

40

60

80

s-channelu-channel

 Chiral symmetry and nuclear interactions
Chiral symmetry  +  N data      predictions for the large-distance behavior of the nuclear forces.π =

strongly constrained by  symmetry: 
 vs.  matters, also , , 

etc interactions play a role…
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V1π(q) =
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π

e− ⃗q2 + M2π
Λ2 + subtraction, V2π(q) =

2
π ∫

∞

2Mπ

dμμ
ρ(μ)
⃗q2 + μ2 e− ⃗q2 + μ2

2Λ2 + subtractions

Regularization  EE, Krebs, Meißner EPJA 51 (15);  Phys. Rev. Lett. 115 (15);  Reinert, Krebs, EE, EPJA 54 (18)
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—  Long-distance behavior of the NN force is a parameter-free prediction of chiral EFT
—  Agrees with phenomenology (strong intermediate-range attraction from TPEP)
—  Reasonable convergence of the chiral expansion (at large )r
—  Short-range interactions parametrized by contacts

Chiral expansion of the multi-pion exchange



 The two-nucleon system
from: P. Reinert, H. Krebs, EE, EPJA 54 (2018) 88
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Two nucleons:
Chiral EFT as a precision tool

High-precision determination of the N coupling constants  Reinert, Krebs, EE, PRL 126 (21) 092501π

Deuteron structure radius and the neutron size  Filin, Baru, EE, Krebs, Möller, Reinert, PRL 124 (20) 082501



 The pion-nucleon coupling constants

axial form factor induced pseudoscalar form factor

— axial FF: a smooth function near t = 0; axial charge: gA ≡ GA(0) = 1.2723(23) [PDG]

Reinert, Krebs, EE, Phys. Rev. Lett. 126 (2021) 9, 092501

— induced pseudoscalar FF:  GP(t) = 4mN
gπNN Fπ

M2
π − t

− 2
3 gAm2

N r2
A + 𝒪(t, M2

π)

non-pole terms

— in the isospin limit:  ⟨N(p′￼) |Aμ
i (0) |N(p)⟩ = ū(p)[γμGA(t) +

p′￼μ − pμ

2mN
GP(t)] γ5
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2
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Goldberger-Treiman relation: FπgπNN = gAmN(1 + ΔGT)
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In the chiral limit m!!0 the total "two-loop# spectral func-
tion ImGP(t) shows a simple linear t dependence of the
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The first part of this equation follows from the fact that the
combination GA(t)#t GP(t)/4M 2 is the form factor of the
divergence of the isovector axial current, which vanishes in
the chiral limit m!!0 "QCD chiral Ward identity#. The
"two-loop# result for ImGA(t)(m!!0 has been taken over
from Eq. "27# in Ref. $8%.
In Fig. 2 we show by the full line the total imaginary part

ImGP(t), calculated from Eqs. "4# and "5# after division by
a factor t. The horizontal dashed line in Fig. 2 indicates the
asymptotic behavior of ImGP(t)/t for t→( .

FIG. 1. Two-loop diagrams contributing to the imaginary part of
the induced pseudoscalar form factor of the nucleon GP(t). Dashed
and solid lines denote pions and nucleons, respectively. The wiggly
line symbolizes the external isovector axial source. The combina-
toric factor of the first four diagrams is 1/6 and the next four graphs
have the combinatoric factor 1/2. The last two diagrams scale as gA

3

whereas the other eight graphs scale as gA .
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 The pion-nucleon coupling constants

axial form factor induced pseudoscalar form factor

— axial FF: a smooth function near t = 0; axial charge: gA ≡ GA(0) = 1.2723(23) [PDG]

Reinert, Krebs, EE, Phys. Rev. Lett. 126 (2021) 9, 092501

— induced pseudoscalar FF:  GP(t) = 4mN
gπNN Fπ

M2
π − t

− 2
3 gAm2

N r2
A + 𝒪(t, M2

π)

non-pole terms

— in the isospin limit:  ⟨N(p′￼) |Aμ
i (0) |N(p)⟩ = ū(p)[γμGA(t) +

p′￼μ − pμ

2mN
GP(t)] γ5

τi

2
u(p)

Goldberger-Treiman relation: FπgπNN = gAmN(1 + ΔGT)

⇒ ḡMuCap
P = 8.26(49), ḡChPT

P = 8.25(7)

— pseudoscalar coupling: ḡP =
Mμ

2mN
GP(t)

−0.877M2
μ

MuCap@PSI:  ΛMuCap
singlet = 715.6 (7.4) s−1

r2
A = 0.46(22) fm2 ⇒ ḡMuCap

P = 8.23(83), ḡChPT
P = 8.25(25) [Hill et al. ’18]

calculated using    [Baru et al.’11]gπNN = 13.12(10)

Review

3

the momentum dependence of the axial-vector form factor, by 
means of the expansion at small q2,

FA(q2) = FA(0)
(

1 +
1
6

r2
Aq2 + . . .

)
. (2)

In the one-parameter dipole model, the terms denoted by the 
ellipsis in equation (2) are completely specified in terms of 
r2

A. However, the true functional form of FA(q2) is unknown, 
and the dipole constraint represents an uncontrolled sys-
tematic error. We may instead employ the z expansion 
formalism, a convenient method for enforcing the known 
complex-analytic structure of the form factor inherited from 
QCD, while avoiding poorly controlled model assumptions. 
This method replaces the dipole FA(q2) with FA[z(q2)], 
which in terms of the conformal mapping variable z(q2), has 
a convergent Taylor expansion for all spacelike q2. The size 
of the expansion parameter, and the truncation order of the 
expansion necessary to describe data of a given precision 
in a specified kinematic range, are determined a priori. 
This representation helps ensure that observables extracted 
from data are not influenced by implicit form factor shape 
assumptions. Using the z expansion [19] to fit the neutrino 
data alone leads to [20] r2

A(z exp., ν) = 0.46(22) fm2 with 
a larger (∼50%), more conservative but better justified  
error.

As we will discuss below, traditional analyses of pion 
electroproduction data have also used a dipole assumption to 
extract r2

A from FA(q2), and in addition required the a priori 
step of phenomenological modeling to extract FA(q2) from 
data. Since these model uncertainties have not been quanti-
fied, we refrain from including pion electroproduction deter-
minations of r2

A in our analysis. Similarly, we do not include 
extractions from neutrino-nucleus scattering on nuclei larger 
than the deuteron, in order to avoid poorly quantified nuclear 
model uncertainties. In this context, we note that dipole fits 
to recent ν-C scattering data suggest a smaller r2

A ≈ 0.26 fm2 
[21], compared to historical dipole values r2

A ∼ 0.45 fm2 [18]. 
This discrepancy may be due to form factor shape biases [19] 
(i.e. the dipole assumption), mismodeling of nuclear effects 
[22–30], or something else. Independent determination of r2

A is 
a necessary ingredient for resolving this discrepancy. Finally, 
we do not include recent interesting lattice QCD results [31–
35], some of which suggest considerably smaller r2

A values. 

As we shall discuss below in section 5, future improvements 
on these lattice QCD results could provide an independent 
r2

A value with controlled systematics, that would open new 
opportunities for interpreting muon capture. To illustrate the 
broad range of possible r2

A values, we provide in table 1 some 
representative values considered in the recent literature.

Accepting the larger r2
A uncertainty from the z expansion fit 

to neutrino data, leads to renewed thinking about the utility of 
precision measurements of muonic hydrogen capture rates for 
probing QCD chiral properties. As we shall see, the determina-
tion of ḡP becomes ḡMuCap

P = 8.23(83) and ḡtheory
P = 8.25(25), 

which are still in good agreement, but with errors enlarged by 
factors of 1.7 and 3.5, respectively, compared to results using 
r2

A(dipole) (see equations (33) and (34) below). However, tak-
ing into account the correlated uncertainties, the compariso n 
can be sharpened to ḡtheory

P /ḡMuCap
P = 1.00(8).

Instead of determining ḡP, one can use the functional 
dependence of this quantity, ḡP(r2

A), predicted from χPT to 
extract r2

A from the singlet capture rate. As we shall show, 
that prescription currently gives a sensitivity to r2

A compara-
ble to z-expansion fits to neutrino-nucleon scattering. We use 
the resulting value from muon capture to derive a combined 
weighted average. We also examine how such a method can 
be further improved by better theory and experiment, and 
demonstrate that a factor of  ∼3 improvement in the exper-
imental precision appears feasible and commensurate with 
our updated theoretical precision.

The axial radius is indispensable for ab initio calcul ations 
of nucleon-level charged current quasielastic cross sec-
tions needed for the interpretation of long baseline neutrino 
oscillation experiments at |q2| ∼ 1 GeV2. Its current uncer-
tainty is a serious impediment to the extraction of neutrino 
properties from such measurements. We quantify the impact 
that an improved muon capture determination of r2

A would 
have on neutrino-nucleon cross sections, and discuss the sta-
tus and potential for other determinations, particularly from 
the promising lattice QCD approach.

W+

p

µ−

n

νµ

Figure 1. Muon capture on the proton, µ−p → νµn, via charged W 
boson exchange.

Table 1. Illustrative values obtained for r2
A from neutrino-deuteron 

quasi elastic scattering (ν-d), pion electroproduction (eN → eN′π), 
neutrino-carbon quasielastic scattering (ν-C), muon capture 
(MuCap) and lattice QCD. Values labeled ‘dipole’ enforce the 
dipole shape ansatz. The value labeled ‘z exp.’ uses the model 
independent z expansion.

Description r2
A (fm2) Source/Reference

νd (dipole) 0.453(23) [18]
eN → eN′π (dipole) 0.454(14) [18]
Average 0.454(13)
νC (dipole) 0.26(7) [21]
νd (z exp.) 0.46(22) [20]
MuCap 0.46(24) This work
Average 0.46(16)
Lattice QCD 0.213(6)(13)(3)(0) [31]

0.266(17)(7) [32]

0.360(36)+80
−88

[33]

0.24(6) [34]

Rep. Prog. Phys. 81 (2018) 096301

r2
A = 0.453(23) fm2 [Hill et al. ’18]

Bodek et al. ’08

Meyer et al. ’16
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Impact on the theoretical value of : ḡP

r2
A = 0.453(23) fm2 ⇒ ḡChPT

P = 8.25(7) → 8.33(4)

r2
A = 0.46(22) fm2 ⇒ ḡChPT

P = 8.25(25) → 8.32(25)

Both values are still in a very good agreement with 
the MuCap datum:   ḡMuCap

P = 8.26(49) or 8.23(83)

Meyer et al. ’16

Bodek et al. ’08



 How big is a neutron?
The proton radius puzzle solved. What about the neutron radius?

— no neutron targets; extrapolations of  extracted 
     from 2H not reliable…

Gn
C(Q2)

— the only information comes from (fairly old) n-scattering 
     experiments on Pb, Bi, …  

PDG value:   r2
n = − 0.1161 ± 0.0022 fm2

Citation: M. Tanabashi et al. (Particle Data Group), Phys. Rev. D 98, 030001 (2018)

WEIGHTED AVERAGE
-0.1161±0.0022 (Error scaled by 1.3)

KROHN 73 0.1
ALEKSANDR... 86 3.9
KOESTER 95 0.5
KOPECKY 97 1.8
KOPECKY 97 0.1

χ2

       6.5
(Confidence Level = 0.164)

-0.15 -0.14 -0.13 -0.12 -0.11 -0.1 -0.09

n mean-square charge radius

n MAGNETIC RADIUSn MAGNETIC RADIUSn MAGNETIC RADIUSn MAGNETIC RADIUS

This is the rms magnetic radius,
√

〈

r2
M

〉

.

VALUE (fm) DOCUMENT ID COMMENT

0.864+0.009
−0.008 OUR AVERAGE0.864+0.009
−0.008 OUR AVERAGE0.864+0.009
−0.008 OUR AVERAGE0.864+0.009
−0.008 OUR AVERAGE

0.89 ±0.03 EPSTEIN 14 Using e p, e n, ππ data

0.862+0.009
−0.008 BELUSHKIN 07 Dispersion analysis

n ELECTRIC POLARIZABILITY αnn ELECTRIC POLARIZABILITY αnn ELECTRIC POLARIZABILITY αnn ELECTRIC POLARIZABILITY αn

Following is the electric polarizability αn defined in terms of the induced
electric dipole moment by DDDD = 4πϵ0αnEEEE. For a review, see SCHMIED-
MAYER 89.

For very complete reviews of the polarizability of the nucleon and Compton
scattering, see SCHUMACHER 05 and GRIESSHAMMER 12.

VALUE (10−4 fm3) DOCUMENT ID TECN COMMENT

11.8 ± 1.1 OUR AVERAGE11.8 ± 1.1 OUR AVERAGE11.8 ± 1.1 OUR AVERAGE11.8 ± 1.1 OUR AVERAGE

11.55± 1.25±0.8 MYERS 14 CNTR γd → γd

12.5 ± 1.8 +1.6
−1.3

1 KOSSERT 03 CNTR γd → γpn

12.0 ± 1.5 ±2.0 SCHMIEDM... 91 CNTR n Pb transmission

10.7 + 3.3
−10.7 ROSE 90B CNTR γd → γnp

HTTP://PDG.LBL.GOV Page 6 Created: 6/5/2018 19:00

Idea: accurate calculation of the 2H structure radius,
which incorporates all nuclear effects 

combined with 1H-2H isotope shifts data 

can be used to extract  !r2
n

r2
d − r2

p = 3.82070(31) fm2

Jentschura et al. ’11; Pachucki et al. ’18

JB0ψλ ψλ’

isoscalar charge density 
available to N4LO 

(3 LECs)

+ (r2
p +

3
4m2

p
) + r2

nr2
d = r2

str

γ
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FIG. 5. (Color online) Left panel: the deuteron charge and quadrupole FFs calculated at N4LO for the cuto↵ choice of
⇤ = 500 MeV (solid red lines) along with the estimated truncation error (68% degree-of-belief) shown by the light-shaded
band. Bands between dashed (red) lines correspond to a 1� error in the determination of the two short-range contributions
at N4LO. Right panel: the same form factors divided by the scaling functions as defined in Eq. (63) and (64). Open violet
circles and green triangles are experimental data from Refs. [57] and [55], respectively. Black solid circles correspond to the
parametrization of the deuteron FFs from Refs. [35, 119].

B. Results for the deuteron form factors

The results for the deuteron charge and quadrupole FFs from the best fit to data up to Q = 6 fm�1, evaluated for
the cuto↵ ⇤ = 500 MeV, are visualized in Fig. 5 together with the N4LO truncation errors and statistical uncertainty
of the LEC’s in ⇢

reg

Cont
from Eq. (39). The plot contains two theoretical uncertainty bands: the light-shaded band

stands for the estimated truncation error corresponding to the 68% degree-of-belief interval, while the band between
long-dashed (red) lines corresponds to a 1� error in the determination of the two short-range contributions at N4LO.
In principle, these two uncertainty bands are not fully independent since the truncation error is also included in the
estimate of the 1� error for the LECs in the charge density operator as discussed in previous Section. In this way,
however, the truncation error is estimated more conservatively.

Since the variation of the FFs at small Q-values is di�cult to see on the logarithmic scale, we also plot the rescaled
FFs using a linear scale in the right panels of Fig. 5. Specifically, following Ref. [35], we define the rescaled charge
and quadrupole FFs via

G
scaled

C
(Q) = GC(Q)

 
3X

i=0

ai exp(�biQ
2)

!�1

, (63)
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FIG. 5. (Color online) Left panel: the deuteron charge and quadrupole FFs calculated at N4LO for the cuto↵ choice of
⇤ = 500 MeV (solid red lines) along with the estimated truncation error (68% degree-of-belief) shown by the light-shaded
band. Bands between dashed (red) lines correspond to a 1� error in the determination of the two short-range contributions
at N4LO. Right panel: the same form factors divided by the scaling functions as defined in Eq. (63) and (64). Open violet
circles and green triangles are experimental data from Refs. [57] and [55], respectively. Black solid circles correspond to the
parametrization of the deuteron FFs from Refs. [35, 119].
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long-dashed (red) lines corresponds to a 1� error in the determination of the two short-range contributions at N4LO.
In principle, these two uncertainty bands are not fully independent since the truncation error is also included in the
estimate of the 1� error for the LECs in the charge density operator as discussed in previous Section. In this way,
however, the truncation error is estimated more conservatively.

Since the variation of the FFs at small Q-values is di�cult to see on the logarithmic scale, we also plot the rescaled
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FIG. 5. (Color online) Left panel: the deuteron charge and quadrupole FFs calculated at N4LO for the cuto↵ choice of
⇤ = 500 MeV (solid red lines) along with the estimated truncation error (68% degree-of-belief) shown by the light-shaded
band. Bands between dashed (red) lines correspond to a 1� error in the determination of the two short-range contributions
at N4LO. Right panel: the same form factors divided by the scaling functions as defined in Eq. (63) and (64). Open violet
circles and green triangles are experimental data from Refs. [57] and [55], respectively. Black solid circles correspond to the
parametrization of the deuteron FFs from Refs. [35, 119].

B. Results for the deuteron form factors

The results for the deuteron charge and quadrupole FFs from the best fit to data up to Q = 6 fm�1, evaluated for
the cuto↵ ⇤ = 500 MeV, are visualized in Fig. 5 together with the N4LO truncation errors and statistical uncertainty
of the LEC’s in ⇢

reg

Cont
from Eq. (39). The plot contains two theoretical uncertainty bands: the light-shaded band

stands for the estimated truncation error corresponding to the 68% degree-of-belief interval, while the band between
long-dashed (red) lines corresponds to a 1� error in the determination of the two short-range contributions at N4LO.
In principle, these two uncertainty bands are not fully independent since the truncation error is also included in the
estimate of the 1� error for the LECs in the charge density operator as discussed in previous Section. In this way,
however, the truncation error is estimated more conservatively.

Since the variation of the FFs at small Q-values is di�cult to see on the logarithmic scale, we also plot the rescaled
FFs using a linear scale in the right panels of Fig. 5. Specifically, following Ref. [35], we define the rescaled charge
and quadrupole FFs via

G
scaled

C
(Q) = GC(Q)

 
3X

i=0

ai exp(�biQ
2)

!�1

, (63)

The charge and quadrupole form factors of the deuteron at N4LO

Filin et al., PRL 124 (2020)
Filin et al., PRC 103 (2021)

The extracted structure radius
and quadrupole moment:

Filin, Möller, Baru, EE, Krebs, Reinert, PRL 124 (2020) 082501;  PRC 103 (2021) 024313

statistical and systematic errors due to 
the EFT truncation, choice of fitting range 

and N LECsπ

rstr = 1.9729+0.0015
−0.0012 fm

Qd = 0.2854+0.0038
−0.0017 fm

2

Citation: M. Tanabashi et al. (Particle Data Group), Phys. Rev. D 98, 030001 (2018)

WEIGHTED AVERAGE
-0.1161±0.0022 (Error scaled by 1.3)

KROHN 73 0.1
ALEKSANDR... 86 3.9
KOESTER 95 0.5
KOPECKY 97 1.8
KOPECKY 97 0.1

χ2

       6.5
(Confidence Level = 0.164)

-0.15 -0.14 -0.13 -0.12 -0.11 -0.1 -0.09

n mean-square charge radius

n MAGNETIC RADIUSn MAGNETIC RADIUSn MAGNETIC RADIUSn MAGNETIC RADIUS

This is the rms magnetic radius,
√

〈

r2
M

〉

.

VALUE (fm) DOCUMENT ID COMMENT

0.864+0.009
−0.008 OUR AVERAGE0.864+0.009
−0.008 OUR AVERAGE0.864+0.009
−0.008 OUR AVERAGE0.864+0.009
−0.008 OUR AVERAGE

0.89 ±0.03 EPSTEIN 14 Using e p, e n, ππ data

0.862+0.009
−0.008 BELUSHKIN 07 Dispersion analysis

n ELECTRIC POLARIZABILITY αnn ELECTRIC POLARIZABILITY αnn ELECTRIC POLARIZABILITY αnn ELECTRIC POLARIZABILITY αn

Following is the electric polarizability αn defined in terms of the induced
electric dipole moment by DDDD = 4πϵ0αnEEEE. For a review, see SCHMIED-
MAYER 89.

For very complete reviews of the polarizability of the nucleon and Compton
scattering, see SCHUMACHER 05 and GRIESSHAMMER 12.

VALUE (10−4 fm3) DOCUMENT ID TECN COMMENT

11.8 ± 1.1 OUR AVERAGE11.8 ± 1.1 OUR AVERAGE11.8 ± 1.1 OUR AVERAGE11.8 ± 1.1 OUR AVERAGE

11.55± 1.25±0.8 MYERS 14 CNTR γd → γd

12.5 ± 1.8 +1.6
−1.3

1 KOSSERT 03 CNTR γd → γpn

12.0 ± 1.5 ±2.0 SCHMIEDM... 91 CNTR n Pb transmission

10.7 + 3.3
−10.7 ROSE 90B CNTR γd → γnp

HTTP://PDG.LBL.GOV Page 6 Created: 6/5/2018 19:00

Combining our result for    with the 

1H-2H isotope shift datum    leads 
to the prediction for the neutron radius:

r2
str = r2

d − r2
p − r2

n −
3

4m2
p

r2
d − r2

p = 3.82070(31) fm2

r2
n = − 0.105+0.005

−0.006 fm2

our result

The value of  is to be compared with  Qd Qexp
d = 0.285 699(15)(18) fm2 Puchalski et al., PRL 125 (2020)

Λ = 500 MeV

Atac et al., Nature Commun. 12 (21)

Haecock et al., Science 373 (21)



 
Three-nucleon force



 

intermediate Δ-excitation multi-pion interactions off-shell behavior of the VNN 
Vring = 𝒜3π − VπG0VπG0VπFujita, Miyazawa ’57

short-range

Δ
ρπ

 3NF are not directly measurable and depend  
on the scheme (DoF, off-shell VNN, …)

⇒

  Guidance from theory indispensable — an opportunity for χEFT!⇒

3NF have extremely rich and complex structure

V3N =
20

∑
i=1

Oi fi(r12, r23, r31) + permutations
⃗r12

⃗r23
⃗r31EE, Gasparyan, Krebs, Schat ’15

Topolnicki ’17

Three-nucleon forces (3NF) are small but important corrections to the dominant NN forces

3NF mechanisms: 

— most general local 3NF: 

— most general nonlocal 3NF:  320 (!) operators

3-body force: A frontier in nuclear & atomic physics
Endo, EE, Naidon, Nishida, Sekiguchi, Takahashi, EPJA 61 (2025) 9
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3N potentials at large distance are
model-independent and parameter-free predictions

based on χ symmetry of QCD + exp. information on πN system
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Elastic Nd scattering at 135 MeV

LENPIC

Semi-local nuclear forces from chiral EFT: State-of-the-art & challenges 19
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Fig. 9 Predictions for ground state energies of selected nuclei with A = 4–12 at NLO and N2LO
for L = 450 MeV using the ab-initio No-Core Configuration Interaction method (NCCI). Black
error bars indicate the NCCI uncertainties, while shaded bars refer to the EFT truncation errors
(not shown for incomplete N2LO calculations based on 2NF only). See Ref. [42] for details.

the many-body forces and currents have been worked out using dimensional regu-
larization (DR), see Tab. 1, the existing expressions can not be directly employed
in few-nucleon calculations due to the inconsistencies caused by combining the di-
mensional and cutoff regularizations [7]. Below, an explicit example will be given
to demonstrate such an inconsistency for the 3NF regularized in a naive way using
both (semi-) local and nonlocal cutoffs.

Statement of the problem

Both the 2NF and 3NF need to be regularized in order to obtain a well defined
solution of the Faddeev equations. High-momentum components in the integrals
appearing in the iterations of the Faddeev equation generate contributions involv-
ing positive powers and logarithms of the cutoff which diverge in the L ! • limit
and are supposed to get absorbed by the available short-range interactions. The mo-
mentum dependence of such contact interactions beyond the 2N sector is, however,
severely constrained by the spontaneously broken chiral symmetry of QCD. In par-
ticular, in the limit of exact chiral symmetry (i.e., for Mp ! 0), only derivative pion
couplings are allowed in the effective Lagrangian according to the Goldstone theo-
rem. In the 2N sector, the tree-level short range interactions do not involve any pion
couplings, and their momentum dependence is therefore not restricted by the chiral

Predictions for light p-shell nuclei

LENPIC Collaboration, PRC 103 (21);  PRC 106 (22)
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are

10

consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this

0.1

1.0

10.0

-0.25

-0.50

0

0.25

0.50

0.1

1

10

d�/d� [mb/sr]0.1

1

10

0

0.2

0.4

100 120 1400

0.2

0.4

100 120 140

-1

-0.5

0

0.5

Ayn

-1

-0.5

0

0.5

-0.5

-0.25

0

0.25

0.5

Ayd-0.5

-0.25

0

0.25

0.5

0

0.25

0.5

0.75

1 Ayy

0

0.25

0.5

0.75

1

-0.25

0

0.25

0.5

0.75

1

1.25

0 60 120 180

Axz

�c.m. [deg]

-0.25

0

0.25

0.5

0.75

1

1.25

0 60 120 180
�c.m. [deg]

-0.75

-0.5

-0.25

0

0.25

0.5

0 60 120 180

Axx

�c.m. [deg]

-0.75

-0.5

-0.25

0

0.25

0.5

0 60 120 180
�c.m. [deg]

d� /d� [mb/sr]

0.1

1

10

d�/d� [mb/sr]0.1

1

10

0

0.2

0.4

100 120 1400

0.2

0.4

100 120 140

-1

-0.5

0

0.5

Ayn

-1

-0.5

0

0.5

-0.5

-0.25

0

0.25

0.5

Ayd-0.5

-0.25

0

0.25

0.5

0

0.25

0.5

0.75

1 Ayy

0

0.25

0.5

0.75

1

-0.25

0

0.25

0.5

0.75

1

1.25

0 60 120 180

Axz

�c.m. [deg]

-0.25

0

0.25

0.5

0.75

1

1.25

0 60 120 180
�c.m. [deg]

-0.75

-0.5

-0.25

0

0.25

0.5

0 60 120 180

Axx

�c.m. [deg]

-0.75

-0.5

-0.25

0

0.25

0.5

0 60 120 180
�c.m. [deg]

0.1

1

10

d�/d� [mb/sr]0.1

1

10

0

0.2

0.4

100 120 1400

0.2

0.4

100 120 140

-1

-0.5

0

0.5

Ayn

-1

-0.5

0

0.5

-0.5

-0.25

0

0.25

0.5

Ayd-0.5

-0.25

0

0.25

0.5

0

0.25

0.5

0.75

1 Ayy

0

0.25

0.5

0.75

1

-0.25

0

0.25

0.5

0.75

1

1.25

0 60 120 180

Axz

�c.m. [deg]

-0.25

0

0.25

0.5

0.75

1

1.25

0 60 120 180
�c.m. [deg]

-0.75

-0.5

-0.25

0

0.25

0.5

0 60 120 180

Axx

�c.m. [deg]

-0.75

-0.5

-0.25

0

0.25

0.5

0 60 120 180
�c.m. [deg]

0.1

1

10

d�/d� [mb/sr]0.1

1

10

0

0.2

0.4

100 120 1400

0.2

0.4

100 120 140

-1

-0.5

0

0.5

Ayn

-1

-0.5

0

0.5

-0.5

-0.25

0

0.25

0.5

Ayd-0.5

-0.25

0

0.25

0.5

0

0.25

0.5

0.75

1 Ayy

0

0.25

0.5

0.75

1

-0.25

0

0.25

0.5

0.75

1

1.25

0 60 120 180

Axz

�c.m. [deg]

-0.25

0

0.25

0.5

0.75

1

1.25

0 60 120 180
�c.m. [deg]

-0.75

-0.5

-0.25

0

0.25

0.5

0 60 120 180

Axx

�c.m. [deg]

-0.75

-0.5

-0.25

0

0.25

0.5

0 60 120 180
�c.m. [deg]

0 45 90 135 180 0 45 90 135 180
�CM [deg] �CM [deg]

0.25

0

0.50

0.75

1.00

-0.75

-0.50

-0.25

0

0.25

Ad
y

AxxAxz
NLO (1σ)
NLO (2σ)

N2LO (1σ)
N2LO (2σ)

100 120 1400

0.2

0.4

Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are

New
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are

10

consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this

0.1

1.0

10.0

-0.25

-0.50

0

0.25

0.50

0.1

1

10

d�/d� [mb/sr]0.1

1

10

0

0.2

0.4

100 120 1400

0.2

0.4

100 120 140

-1

-0.5

0

0.5

Ayn

-1

-0.5

0

0.5

-0.5

-0.25

0

0.25

0.5

Ayd-0.5

-0.25

0

0.25

0.5

0

0.25

0.5

0.75

1 Ayy

0

0.25

0.5

0.75

1

-0.25

0

0.25

0.5

0.75

1

1.25

0 60 120 180

Axz

�c.m. [deg]

-0.25

0

0.25

0.5

0.75

1

1.25

0 60 120 180
�c.m. [deg]

-0.75

-0.5

-0.25

0

0.25

0.5

0 60 120 180

Axx

�c.m. [deg]

-0.75

-0.5

-0.25

0

0.25

0.5

0 60 120 180
�c.m. [deg]

d� /d� [mb/sr]

0.1

1

10

d�/d� [mb/sr]0.1

1

10

0

0.2

0.4

100 120 1400

0.2

0.4

100 120 140

-1

-0.5

0

0.5

Ayn

-1

-0.5

0

0.5

-0.5

-0.25

0

0.25

0.5

Ayd-0.5

-0.25

0

0.25

0.5

0

0.25

0.5

0.75

1 Ayy

0

0.25

0.5

0.75

1

-0.25

0

0.25

0.5

0.75

1

1.25

0 60 120 180

Axz

�c.m. [deg]

-0.25

0

0.25

0.5

0.75

1

1.25

0 60 120 180
�c.m. [deg]

-0.75

-0.5

-0.25

0

0.25

0.5

0 60 120 180

Axx

�c.m. [deg]

-0.75

-0.5

-0.25

0

0.25

0.5

0 60 120 180
�c.m. [deg]

0.1

1

10

d�/d� [mb/sr]0.1

1

10

0

0.2

0.4

100 120 1400

0.2

0.4

100 120 140

-1

-0.5

0

0.5

Ayn

-1

-0.5

0

0.5

-0.5

-0.25

0

0.25

0.5

Ayd-0.5

-0.25

0

0.25

0.5

0

0.25

0.5

0.75

1 Ayy

0

0.25

0.5

0.75

1

-0.25

0

0.25

0.5

0.75

1

1.25

0 60 120 180

Axz

�c.m. [deg]

-0.25

0

0.25

0.5

0.75

1

1.25

0 60 120 180
�c.m. [deg]

-0.75

-0.5

-0.25

0

0.25

0.5

0 60 120 180

Axx

�c.m. [deg]

-0.75

-0.5

-0.25

0

0.25

0.5

0 60 120 180
�c.m. [deg]

0.1

1

10

d�/d� [mb/sr]0.1

1

10

0

0.2

0.4

100 120 1400

0.2

0.4

100 120 140

-1

-0.5

0

0.5

Ayn

-1

-0.5

0

0.5

-0.5

-0.25

0

0.25

0.5

Ayd-0.5

-0.25

0

0.25

0.5

0

0.25

0.5

0.75

1 Ayy

0

0.25

0.5

0.75

1

-0.25

0

0.25

0.5

0.75

1

1.25

0 60 120 180

Axz

�c.m. [deg]

-0.25

0

0.25

0.5

0.75

1

1.25

0 60 120 180
�c.m. [deg]

-0.75

-0.5

-0.25

0

0.25

0.5

0 60 120 180

Axx

�c.m. [deg]

-0.75

-0.5

-0.25

0

0.25

0.5

0 60 120 180
�c.m. [deg]

0 45 90 135 180 0 45 90 135 180
�CM [deg] �CM [deg]

0.25

0

0.50

0.75

1.00

-0.75

-0.50

-0.25

0

0.25

Ad
y

AxxAxz
NLO (1σ)
NLO (2σ)

N2LO (1σ)
N2LO (2σ)

100 120 1400

0.2

0.4

Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this

0.1

1.0

10.0

-0.25

-0.50

0

0.25

0.50

0.1

1

10

d�/d� [mb/sr]0.1

1

10

0

0.2

0.4

100 120 1400

0.2

0.4

100 120 140

-1

-0.5

0

0.5

Ayn

-1

-0.5

0

0.5

-0.5

-0.25

0

0.25

0.5

Ayd-0.5

-0.25

0

0.25

0.5

0

0.25

0.5

0.75

1 Ayy

0

0.25

0.5

0.75

1

-0.25

0

0.25

0.5

0.75

1

1.25

0 60 120 180

Axz

�c.m. [deg]

-0.25

0

0.25

0.5

0.75

1

1.25

0 60 120 180
�c.m. [deg]

-0.75

-0.5

-0.25

0

0.25

0.5

0 60 120 180

Axx

�c.m. [deg]

-0.75

-0.5

-0.25

0

0.25

0.5

0 60 120 180
�c.m. [deg]

d� /d� [mb/sr]

0.1

1

10

d�/d� [mb/sr]0.1

1

10

0

0.2

0.4

100 120 1400

0.2

0.4

100 120 140

-1

-0.5

0

0.5

Ayn

-1

-0.5

0

0.5

-0.5

-0.25

0

0.25

0.5

Ayd-0.5

-0.25

0

0.25

0.5

0

0.25

0.5

0.75

1 Ayy

0

0.25

0.5

0.75

1

-0.25

0

0.25

0.5

0.75

1

1.25

0 60 120 180

Axz

�c.m. [deg]

-0.25

0

0.25

0.5

0.75

1

1.25

0 60 120 180
�c.m. [deg]

-0.75

-0.5

-0.25

0

0.25

0.5

0 60 120 180

Axx

�c.m. [deg]

-0.75

-0.5

-0.25

0

0.25

0.5

0 60 120 180
�c.m. [deg]

0.1

1

10

d�/d� [mb/sr]0.1

1

10

0

0.2

0.4

100 120 1400

0.2

0.4

100 120 140

-1

-0.5

0

0.5

Ayn

-1

-0.5

0

0.5

-0.5

-0.25

0

0.25

0.5

Ayd-0.5

-0.25

0

0.25

0.5

0

0.25

0.5

0.75

1 Ayy

0

0.25

0.5

0.75

1

-0.25

0

0.25

0.5

0.75

1

1.25

0 60 120 180

Axz

�c.m. [deg]

-0.25

0

0.25

0.5

0.75

1

1.25

0 60 120 180
�c.m. [deg]

-0.75

-0.5

-0.25

0

0.25

0.5

0 60 120 180

Axx

�c.m. [deg]

-0.75

-0.5

-0.25

0

0.25

0.5

0 60 120 180
�c.m. [deg]

0.1

1

10

d�/d� [mb/sr]0.1

1

10

0

0.2

0.4

100 120 1400

0.2

0.4

100 120 140

-1

-0.5

0

0.5

Ayn

-1

-0.5

0

0.5

-0.5

-0.25

0

0.25

0.5

Ayd-0.5

-0.25

0

0.25

0.5

0

0.25

0.5

0.75

1 Ayy

0

0.25

0.5

0.75

1

-0.25

0

0.25

0.5

0.75

1

1.25

0 60 120 180

Axz

�c.m. [deg]

-0.25

0

0.25

0.5

0.75

1

1.25

0 60 120 180
�c.m. [deg]

-0.75

-0.5

-0.25

0

0.25

0.5

0 60 120 180

Axx

�c.m. [deg]

-0.75

-0.5

-0.25

0

0.25

0.5

0 60 120 180
�c.m. [deg]

0 45 90 135 180 0 45 90 135 180
�CM [deg] �CM [deg]

0.25

0

0.50

0.75

1.00

-0.75

-0.50

-0.25

0

0.25

Ad
y

AxxAxz
NLO (1σ)
NLO (2σ)

N2LO (1σ)
N2LO (2σ)

100 120 1400

0.2

0.4

Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are

10

consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are

New
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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the many-body forces and currents have been worked out using dimensional regu-
larization (DR), see Tab. 1, the existing expressions can not be directly employed
in few-nucleon calculations due to the inconsistencies caused by combining the di-
mensional and cutoff regularizations [7]. Below, an explicit example will be given
to demonstrate such an inconsistency for the 3NF regularized in a naive way using
both (semi-) local and nonlocal cutoffs.

Statement of the problem

Both the 2NF and 3NF need to be regularized in order to obtain a well defined
solution of the Faddeev equations. High-momentum components in the integrals
appearing in the iterations of the Faddeev equation generate contributions involv-
ing positive powers and logarithms of the cutoff which diverge in the L ! • limit
and are supposed to get absorbed by the available short-range interactions. The mo-
mentum dependence of such contact interactions beyond the 2N sector is, however,
severely constrained by the spontaneously broken chiral symmetry of QCD. In par-
ticular, in the limit of exact chiral symmetry (i.e., for Mp ! 0), only derivative pion
couplings are allowed in the effective Lagrangian according to the Goldstone theo-
rem. In the 2N sector, the tree-level short range interactions do not involve any pion
couplings, and their momentum dependence is therefore not restricted by the chiral

Predictions for light p-shell nuclei

LENPIC Collaboration, PRC 103 (21);  PRC 106 (22)
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are

10

consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are

New
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are

10

consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are

Axx

Ad
ydσ/dΩ [mb/sr]

Axz

10

consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are

10

consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are

New
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consistently with the SCS NN potentials. The need to
perform regularization of the 3NF in coordinate space
was found to introduce significant computational over-
head for its numerical implementation, which was one
of the motivations to reformulate the SCS regulariza-
tion scheme to momentum space [83]. Notice that par-
tial wave decomposition of a general 3NF can be car-
ried out in an automated way by numerically perform-
ing the required angular integrations as described in
Refs. [139, 140], see also Ref. [26].

As detailed in Sec. 2.2.4, the 3NF at N2LO depends
on the LECs cD and cE that need to be determined
from few-nucleon data. It is customary to fix the lin-
ear combination of these LECs to reproduce the 3H
binding energy, which determines cE as a function of
cD. To fix the second LECs, di↵erent observables have
been proposed in the literature including the Nd dou-
blet scattering length [8, 16], 3H beta decay [141], 4He
binding energy [142], charge radii of the A = 3, 4 nu-
clei and properties of few- and many-nucleon systems
[143, 144, 145]. Clearly, to allow for the most stringent
test of the nuclear Hamiltonian, the LECs should ide-
ally be fixed from A  3 observables. In Ref. [138], a
variety of observables including the Nd doublet scat-
tering length as well as the Nd total and di↵erential
cross sections at the energies of Elab = 70, 108 and
135 MeV have been considered. Taking into account
both the experimental errors and the EFT truncation
uncertainty, the strongest constraint on cD was found
to result from the requirement to reproduce the proton-
deuteron (pd) di↵erential cross section minimum using
the data from Ref. [146]. The resulting Hamiltonian was
then used to calculateNd elastic scattering observables,
ground state energies and selected excitation energies of
p-shell nuclei up to 12C. For almost all considered nu-
clei, adding the 3NF was found to significantly improve
the description of experimental data. A detailed analy-
sis of elastic Nd scattering and breakup using the same
Hamiltonian is presented in Ref. [147].

These studies were further refined in Ref. [148] by
employing the high-precision SMS NN interactions of
Ref. [83] along with the consistently regularized N2LO
3NFs, utilizing Bayesian methods for quantifying EFT
truncation errors and extending the range of consid-
ered observables. In Fig. 5, we show selected results for
Nd elastic scattering observables at Elab = 135 MeV,
which may serve as representative examples. Given that
the LECs cD and cE are fixed from the 3H binding
energy and the di↵erential cross section minimum at
Elab = 70 MeV, the shown results are to be regarded
as predictions. The experimental data from Ref. [146]
are mostly in agreement with the calculations (within
errors), but the N2LO truncation uncertainty at this
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [146]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

moderate energy appears to be rather large. The de-
scription of Nd data at N2LO is qualitatively similar
to the one for proton-proton scattering as a compara-
ble energy, shown in Fig. 2. Based on the results in the
NN system, it is expected that taking into account the
3NF up through N4LO would allow one to achieve a
precise description of Nd scattering data, comparable
to that of the neutron-proton and proton-proton data
reported in Refs. [83, 85].

It is interesting to explore the impact of corrections
to the NN force beyond N2LO. To this aim, a set of cal-
culations based on the SMS NN potentials up through
N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [149]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
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Fig. 4 ChEFT predictions for the functionsA(q2) and B(q2)
that parametrize the longest-range behavior of the 3NF ac-
cording to Eq. (7). Green dashed, blue dashed-dotted and
red solid lines show the results at N2LO, N3LO and N4LO,
respectively.

inant order-Q3 contributions amount to about 30%.
The order-Q5 correction is very small for A(q2) and
amounts to less than 15% of the N2LO result for the
function B(q2). The observed convergence pattern for
A(q2) and B(q2) fits well with expectations based on
the power counting with the expansion parameter Q ⇠
max(M⇡, q2)/⇤b, see also the discussion in section 2.2.3,
and shows that the low-momentum structure of the
3NF can be described in ChEFT in a controlled and
systematically improvable fashion. Notice that in addi-
tion to the static contributions considered above, the
3NF of type (a) at N3LO receives non-local 1/mN cor-
rections of relativistic origin [66]. These have a much
richer operator structure than the static terms and also
do not involve unknown LECs.

Parameter-free predictions for the one-pion-two-pion
exchange and ring 3NF topologies corresponding to di-
agrams (b) and (c) in Fig. 3 can be found in Refs. [65,
68] and follow a qualitatively similar pattern. We also
emphasize that while the static two-pion exchange 3NF
has a rather restricted form described by just two func-
tions, the long-and intermediate-range topologies (a),
(b) and (c) contribute to all 20 operators Ô↵ that ap-
pear in the parametrization of the 3NF according to
Eq. (6). Interestingly, the results for the corresponding
functions f↵ appear to be qualitatively in line with esti-
mations based on the large-Nc expansion in QCD [109,
110].

As pointed out in the introduction, an intermediate
excitation of the nucleon into the �(1232) resonance
was historically recognized as one of the most important
3NF mechanisms and is at the heart of the celebrated
Fujita-Miyazawa 3NF model [2] as depicted in Fig. 1.
How can this important phenomenological insight be
reconciled with the framework of ChEFT? All results
discussed in this section are obtained using the ChEFT

formulation with pions and nucleons as the only explicit
degrees of freedom in the e↵ective Lagrangian. In such
a framework, the information about the � resonance is
included implicitly through its contributions to various
LECs. In particular, the LECs ci are largely governed
by the � resonance [125]:

c�2 = �c�3 = 2c�4 =
4h2

A

9(m� � mN )
' 2.7 GeV�1 , (14)

where m� refers to the mass of the � resonance while
hA ⇠ 1.34 is the N� axial coupling constant. Thus, the
� largely saturates the LECs c2 and c4, and provides
about a half of the c3-value, thereby o↵ering an expla-
nation of the somewhat large numerical values of these
LECs as compared with their expected size |ci| ⇠ ⇤�1

b .
This confirms that the intermediate � excitation in-
deed provides the dominant mechanism of the two-pion
exchange 3NF through Eqs. (9) and (14).

Given the strong coupling of the � isobar to the
⇡N system and the smallness of the mass di↵erence
m� � mN , which is numerically of the order of 2M⇡,
it may be advantageous to include the � isobar as an
explicit degree of freedom in the e↵ective Lagrangian
instead of integrating it out assuming m� � mN ⇠
⇤b, as done in the standard formulation of ChEFT. In
the �-full formulation of ChPT of Ref. [44], the mass
di↵erence m� � mN is treated as an additional soft
scale m� � mN ⇠ M⇡

6 (in spite of the fact that this
quantity does not vanish in the chiral limit). Accord-
ingly, the � isobar is treated explicitly in the e↵ec-
tive Lagrangian, and the new expansion parameter is
denoted as ✏ 2 {p/⇤b,M⇡/⇤b, (m� � mN )/⇤b}. Ex-
tensive studies in the single-nucleon sector using man-
ifestly covariant formulations of ChPT have revealed
that the explicit treatment of the � isobar indeed of-
ten leads to an improved convergence of the EFT ex-
pansion, see e.g. Refs. [123,126,127,128], albeit at the
cost of more involved calculations and a larger num-
ber of LECs. Similar conclusions have been reached
for the NN force using the HB formulation of �-full
ChEFT, for which the expressions are presently avail-
able up through N2LO ✏3 [56,73,129]. Isospin-breaking
contributions to the NN potential have also been con-
sidered within the ✏-expansion scheme [130].

The explicit treatment of the � isobar also has im-
plications for the 3NF. In particular, the dominant Fuji-
ta-Miyazawa-type contribution is shifted from N2LO to
NLO in the �-full scheme, since the diagram in Fig. 1
counts as of order ✏2. Interestingly, this is the the only
contribution of the � to the 3NF up-to-and-including
the order N2LO (i.e., ✏3) [131]. Recently, the longest-
range 3NF of type (a) in Fig. 3 has been worked out at

6For an alternative counting of m� �mN see Ref. [45].

A
(3) +A

(4) +A
(5)

B
(3) + B

(4) + B
(5)

L(q2) =

p
q2
2
+ 4M2

⇡

q2
log

p
q2
2
+ 4M2

⇡
+ q2

2M⇡

, (1)

A(q2) =
1

2q2
arctan

q2
2M⇡

. (2)

A
(3) =

g2
A

8F 4
⇡

h
(2c3 � 4c1)M

2

⇡
+ c3q

2

2

i
, B

(3) =
g2
A
c4

8F 4
⇡

(3)

A
(4) =

g4
A

256⇡F 6
⇡

h �
4g2

A
+ 1

�
M3

⇡
+ 2

�
g2
A
+ 1

�
M⇡q

2

2
+ A(q2)

�
2M4

⇡
+ 5M2

⇡
q2
2
+ 2q4

2

� i
(4)

B
(4) = �

g4
A

256⇡F 6
⇡

⇥
A(q2)

�
4M2

⇡
+ q2

2

�
+ (2g2

A
+ 1)M⇡

⇤

V3N =
~�1 · ~q1 ~�3 · ~q3

(q2
1
+M2

⇡
) (q2

3
+M2

⇡
)

h
⌧ 1 · ⌧ 3 A(q2) + ⌧ 1 ⇥ ⌧ 3 · ⌧ 2 ~q1 ⇥ ~q3 · ~�2 B(q2)

i

+ short-range terms + permutations (5)

A
(5) =

g2
A

�
M2

⇡
+ 2q2

2

�

4608⇡2F 6
⇡

n⇥
6c1 � 2c2 � 3c3 � 2(6c1 � c2 � 3c3)L(q2)

⇤
12M2

⇡

� q2
2

⇥
5c2 + 18c3 � 6L(q2)(c2 + 6c3)

⇤o
+

g2
A
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Fig. 4 ChEFT predictions for the functionsA(q2) and B(q2)
that parametrize the longest-range behavior of the 3NF ac-
cording to Eq. (7). Green dashed, blue dashed-dotted and
red solid lines show the results at N2LO, N3LO and N4LO,
respectively.

inant order-Q3 contributions amount to about 30%.
The order-Q5 correction is very small for A(q2) and
amounts to less than 15% of the N2LO result for the
function B(q2). The observed convergence pattern for
A(q2) and B(q2) fits well with expectations based on
the power counting with the expansion parameter Q ⇠
max(M⇡, q2)/⇤b, see also the discussion in section 2.2.3,
and shows that the low-momentum structure of the
3NF can be described in ChEFT in a controlled and
systematically improvable fashion. Notice that in addi-
tion to the static contributions considered above, the
3NF of type (a) at N3LO receives non-local 1/mN cor-
rections of relativistic origin [66]. These have a much
richer operator structure than the static terms and also
do not involve unknown LECs.

Parameter-free predictions for the one-pion-two-pion
exchange and ring 3NF topologies corresponding to di-
agrams (b) and (c) in Fig. 3 can be found in Refs. [65,
68] and follow a qualitatively similar pattern. We also
emphasize that while the static two-pion exchange 3NF
has a rather restricted form described by just two func-
tions, the long-and intermediate-range topologies (a),
(b) and (c) contribute to all 20 operators Ô↵ that ap-
pear in the parametrization of the 3NF according to
Eq. (6). Interestingly, the results for the corresponding
functions f↵ appear to be qualitatively in line with esti-
mations based on the large-Nc expansion in QCD [109,
110].

As pointed out in the introduction, an intermediate
excitation of the nucleon into the �(1232) resonance
was historically recognized as one of the most important
3NF mechanisms and is at the heart of the celebrated
Fujita-Miyazawa 3NF model [2] as depicted in Fig. 1.
How can this important phenomenological insight be
reconciled with the framework of ChEFT? All results
discussed in this section are obtained using the ChEFT

formulation with pions and nucleons as the only explicit
degrees of freedom in the e↵ective Lagrangian. In such
a framework, the information about the � resonance is
included implicitly through its contributions to various
LECs. In particular, the LECs ci are largely governed
by the � resonance [125]:

c�2 = �c�3 = 2c�4 =
4h2

A

9(m� � mN )
' 2.7 GeV�1 , (14)

where m� refers to the mass of the � resonance while
hA ⇠ 1.34 is the N� axial coupling constant. Thus, the
� largely saturates the LECs c2 and c4, and provides
about a half of the c3-value, thereby o↵ering an expla-
nation of the somewhat large numerical values of these
LECs as compared with their expected size |ci| ⇠ ⇤�1

b .
This confirms that the intermediate � excitation in-
deed provides the dominant mechanism of the two-pion
exchange 3NF through Eqs. (9) and (14).

Given the strong coupling of the � isobar to the
⇡N system and the smallness of the mass di↵erence
m� � mN , which is numerically of the order of 2M⇡,
it may be advantageous to include the � isobar as an
explicit degree of freedom in the e↵ective Lagrangian
instead of integrating it out assuming m� � mN ⇠
⇤b, as done in the standard formulation of ChEFT. In
the �-full formulation of ChPT of Ref. [44], the mass
di↵erence m� � mN is treated as an additional soft
scale m� � mN ⇠ M⇡

6 (in spite of the fact that this
quantity does not vanish in the chiral limit). Accord-
ingly, the � isobar is treated explicitly in the e↵ec-
tive Lagrangian, and the new expansion parameter is
denoted as ✏ 2 {p/⇤b,M⇡/⇤b, (m� � mN )/⇤b}. Ex-
tensive studies in the single-nucleon sector using man-
ifestly covariant formulations of ChPT have revealed
that the explicit treatment of the � isobar indeed of-
ten leads to an improved convergence of the EFT ex-
pansion, see e.g. Refs. [123,126,127,128], albeit at the
cost of more involved calculations and a larger num-
ber of LECs. Similar conclusions have been reached
for the NN force using the HB formulation of �-full
ChEFT, for which the expressions are presently avail-
able up through N2LO ✏3 [56,73,129]. Isospin-breaking
contributions to the NN potential have also been con-
sidered within the ✏-expansion scheme [130].

The explicit treatment of the � isobar also has im-
plications for the 3NF. In particular, the dominant Fuji-
ta-Miyazawa-type contribution is shifted from N2LO to
NLO in the �-full scheme, since the diagram in Fig. 1
counts as of order ✏2. Interestingly, this is the the only
contribution of the � to the 3NF up-to-and-including
the order N2LO (i.e., ✏3) [131]. Recently, the longest-
range 3NF of type (a) in Fig. 3 has been worked out at

6For an alternative counting of m� �mN see Ref. [45].
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DANGER: momentum cutoff for pions breaks chiral symmetry!

Why?  A lattice regulator seems straight forward: 

• Σ on each site 
• chirally invariant hopping term: Σn† Σn+1 
• SU(2) invariant Haar path integral measure

…but a momentum cutoff on the pion field violates chiral symmetry:

INT-PUB-15-XXX

Gradient Flow for Chiral Interactions

David B. Kaplan⇤

Institute for Nuclear Theory, University of Washington, Seattle, WA 98195-1550, USA

I propose gradient flow as a finite range regulator for nucleon-nucleon interactions; it resembles
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PACS numbers:

I. INTRODUCTION

Chiral perturbation theory has proved to be a useful formalism for computing low energy meson and nucleon
interactions in a controlled and predictive expansion consistent with the symmetries of QCD. The expansion is
in powers of the ratio of particle momenta or meson masses, divided by a strong interaction parameter taken to be
⇤� ⇠ 1 GeV. For precise results it is necessary to go beyond tree level at which point one encounters divergent radiative
corrections. For many applications it is most convenient to use the mass-independent MS renormalization scheme.
However a completely local regulator is not suited for all applications, such as chiral nucleon-nucleon interactions. In
the Weinberg expansion for the two-nucleon interaction, for example, at leading order one must solve the Schrödinger
equation for the nucleons in the one pion exchange (OPE) potential. This potential is singular; in the S = 0 channel,
the singularity behaves as a �-function at the origin which poses no challenges to renormalize, but in the S = 1 channel
the singularity behaves as 1/r3 at the origin, a potential which has no ground state even if one adds local counterterms,
which behave at the origin as a �-function or its derivatives. Regulating the theory by imposing a UV cuto↵ on the
momenta of the pions makes the calculation finite, but causes new problems since such a regulator violates chiral
symmetry, necessitating a complicated procedure to restore the symmetry by adding appropriate counterterms at each
order in the chiral expansion. Such cuto↵s are used in practice, but the literature is somewhat obscure as to whether
this procedure is indeed been carried out in a way that preserves the chiral symmetry in the high order expansions
of nuclear interactions being used today. If not one has lost the main advantage of using the chiral e↵ective theory
— having a systematic way to estimate theoretical errors at each order in the calculation. In this paper I construct a
regularization procedure that e↵ectively provides a gaussian cuto↵ on the momenta of exchange pions, while explicitly
preserving chiral symmetry.

It might seem counterintuitive that a momentum cuto↵ on the pion fields violates chiral symmetry. After all, it is
evident that one can implement a nonlinear sigma model on the lattice. One defines a unitary matrix-valued nonlinear
sigma field as

⌃ = e
2i⇡aTa/f⇡ , Ta 2 SU(2) (1)

at each lattice site, where f⇡ is the pion decay constant, and ⇡
a(x) are the pion fields; one then includes hopping

terms in the action, and integrates over the SU(2) invariant Haar measure. In this procedure the pion momenta are
evidently limited by |k|  ⇡/a, where a is the lattice spacing. It is tempting to assume then that if a lattice regulator
can be chirally invariant, so can a momentum cuto↵ regulator in the continuum, but that is not true. A simple way
to see this is to consider the continuum pion field configuration ⇡1 = ⇡2 = 0, ⇡3 = A cos kx. We impose a momentum
cuto↵ ⇤ and choose k . ⇤. Under an infinitesimal chiral transformation �⌃ = i✓/2{�1,⌃} we find the pions transform
to linear order in ✓ as

�⇡2,3 = 0 , �⇡1(x) = ✓⇡3(x) cot
⇡3(x)

f⇡
= ✓f⇡

"
1� 1
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#
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and we see that the transformed ⇡1 field must contain an infinite tower of harmonics with wave numbers
0,±2k,±4k, . . .. However this chiral transformation cannot be realized since we have imposed a momentum cut-
o↵ ⇤, as all of the harmonics except the k = 0 mode are excluded by the cuto↵. it makes no qualitative di↵erence
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implies:

π3 = plane wave ⇒ δπ1 involves all harmonics…cannot satisfy if require k ≤ Λ
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 Chiral gradient flow
Gradient flows: methods for smoothing manifolds  
(e.g., Ricci flow used in the proof of the Poincaré conjecture)
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 Chiral gradient flow
Gradient flows: methods for smoothing manifolds  
(e.g., Ricci flow used in the proof of the Poincaré conjecture)

flow timeGradient flow as a regulator in field theory 
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Free scalar field:

heat kernel
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YM gradient flow Narayanan, Neuberger ’06, Lüscher, Weisz ’11:
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G[f ](x, ⌧) =

Z ⌧

�1
ds e

�(⌧�s)(�@2
x+M2)

f(x, s),

where f(x, s) is a continuous function or distribution. In particular

G[�⇡](x, ⌧) =

Z ⌧

�1
ds e

�(⌧�s)(�@2
x+M2)

�(s)⇡(x) = e
�⌧(�@2

x+M2)⇡(x) ,

and

G[✓f ](x, ⌧) =

Z ⌧

�1
ds e

�(⌧�s)(�@2
x+M2)

✓(s)f(x, s) =

Z ⌧

0

ds e
�(⌧�s)(�@2

x+M2)
f(x, s) ,

such that, e.g.,

G[✓G[�⇡] · G[�⇡]G[�⇡]](x, ⌧) =

Z ⌧

0

ds e
�(⌧�s)(�@2

x+M2)G[�⇡](x, s) · G[�⇡](x, s)G[�⇡](x, s)

=

Z ⌧

0

ds e
�(⌧�s)(�@2

x+M2)


e
�s(�@2

x+M2)⇡(x)

�
·

e
�s(�@2

x+M2)⇡(x)

�
e
�s(�@2

x+M2)⇡(x)

�
.

�E
⇤ = 1/(q20 + ~q

2) exp
h
� (q20 + ~q

2)/⇤2
i

�E
⇤ = 1/(q20 + ~q

2) e�(q20+~q 2)/⇤2

1/F

1



 Nuclear forces using chiral gradient flow

Local field theory in 5d Smeared (non-local) theory in 4d
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τ
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Regularization is achieved by requiring N to „live“ at a fixed :  τ ℒπN → ℒϕN(τ) = ℒπN
U→W(τ)

Notice: chiral symmetry manifest since  for all .W(τ) → RW(τ)L† τ

ℒϕN(τ) ℒτ
πN
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 Nuclear forces using chiral gradient flow

Local field theory in 5d Smeared (non-local) theory in 4d
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Regularization is achieved by requiring N to „live“ at a fixed :  τ ℒπN → ℒϕN(τ) = ℒπN
U→W(τ)

Notice: chiral symmetry manifest since  for all .W(τ) → RW(τ)L† τ

ℒϕN(τ) ℒτ
πN

Nuclear forces (and currents) can be derived from the nonlocal (smeared)  using the new 
path-integral approach Krebs, EE, PRC 110 (2024) 044003:

ℒeff

Z[η†, η] = A∫ 𝒟N† 𝒟N 𝒟π exp(iSΛ
eff + i∫ d4x[η†N + N†η])
A∫ 𝒟Ñ† 𝒟Ñ exp(iSΛ

eff, N + i∫ d4x[η†Ñ + Ñ†η])nonlocal redefinitions of N, N†

SΛ
eff, N

instantaneous

loops from functional determinant
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 Summary and outlook

The chiral symmetry of QCD and its breaking pattern play the key role for un-
derstanding low-energy nuclear physics

Chiral EFT has already been developed into a precision tool in the NN sector!

Frontiers and challenges:

Precision physics beyond the 2N system (the 3NF challenge)
— high-precision 3NFs (gradient flow method) and 3N scattering

— ab-initio theory for heavier nuclei and reactions

Chiral EFT as a tool to deal with nuclear effects (SM and BSM): PV, EDM, 0νββ,…

— precision test of chiral EFT for nuclear forces & electroweak currents in nuclei

EFT and lattice-QCD

Thank you for your attention


