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Outline 

How can we, as particle theorists, help out with core 
mission of LIGO/Virgo? 

Era of gravitational-wave astronomy has begun. 

For an instant brighter in gravitational radiation than all the stars  
in the visible universe are in EM radiation! 
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Can Particle Theory Help with Gravitational Waves?  

 What does particle physics have to  do with classical dynamics 
of astrophysical objects? 

Black holes and neutron stars are point particles as far as  
 long wavelength radiation is concerned.  

Will explain that EFTs are  well suited to push state-of-the-art 
perturbative calculations for gravitational-wave physics. 

 Iwasaki (1971); Goldberger, Rothstein (2006); Vaydia, Foffa , Porto, Rothstein, Sturani;  
 Kol; Bjerrum-Bohr, Donoghue, Holstein, Plante, Pierre Vanhove; Levi, Steinhoff; Vines etc 

gauge theories, QCD, electroweak 
quantum field theory 

General Relativity 
  classical physics 

bounded orbit  unbounded trajectory  
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Approach to General Relativity 
Our appoach does not start from usual Einstein Field equations. 

 
•  Not suited for all problems. Works very well for asymptotically flat  
      space-times  in context of perturbation theory. 
•  Well suited for gravitational-wave physics from compact astrophysical objects 

<latexit sha1_base64="V4oZ7u1l6DXN0k8JWGwPUX/fRjw=">AAACJHicbVBNS8NAEN3Ur1q/oh69DBbBiyUpogURih70WMWq0JSy2W7axc0m7G6EEvJjvPhXvHjwAw9e/C1uYxC1Phh4vDfDzDw/5kxpx3m3SlPTM7Nz5fnKwuLS8oq9unapokQS2iYRj+S1jxXlTNC2ZprT61hSHPqcXvk3x2P/6pZKxSJxoUcx7YZ4IFjACNZG6tkH573UCxPwRJLBDniBxCR1s7SewTkMci+3DqEBXszgBC6+xZ5ddWpODpgkbkGqqECrZ794/YgkIRWacKxUx3Vi3U2x1IxwmlW8RNEYkxs8oB1DBQ6p6qb5kxlsGaUPQSRNCQ25+nMixaFSo9A3nSHWQ/XXG4v/eZ1EB41uykScaCrI16Ig4aAjGCcGfSYp0XxkCCaSmVuBDLHJSZtcKyYE9+/Lk+SyXnP3artnu9XmURFHGW2gTbSNXLSPmugUtVAbEXSHHtATerburUfr1Xr7ai1Zxcw6+gXr4xOFNaOG</latexit>

Rµ⌫ � 1

2
Rgµ⌫ = 8⇡GTµ⌫ geometry 

Gravitons are spin 2 particles 
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Can Quantum Scattering Help with Gravitational Waves?  

In particle physics we are very good at perturbation theory. 
Experience with gauge theories and supergravity theories. 

Two serious issues for applying this to gravitational waves: 

1.  We do quantum not classical perturbation theory. 

2.  Scattering process unbounded orbit.  Want bounded one for 
      binary black hole gravitational wave emission. 

Two key topics: 
 
•  Modern approach to perturbative gravity. 
 
•  How do we effectively deal with the above annoying issues? 
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Goal:  Improve on post-Newtonian Theory 

From Antelis and Moreno, arXiv:1610.03567   

analytic part we want to help with 

Small errors accumulate.  Need for high precision.   

PN + EOB or Pheno 

Dynamics of black hole  
inspiral for gravitational 
waves. 
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 Post Newtonian Approximation 

In center of mass frame: 

Newton 

Hamiltonian known to 4PN order. 

⌫ = µ/M,

For orbital mechanics: 

virial theorem 

1PN: Einstein, Infeld, Hoffmann; 
 Droste,  Lorentz 

Expand in G and v2
<latexit sha1_base64="mBY3pE4UNzIrz8/L2N148DxtpOA=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFZIY2rorunFZwT6gjWUynbRDZyZhZlIoob/gxoUibv0hd/6Nk7aCih64cDjnXu69J0wYVdpxPqzC2vrG5lZxu7Szu7d/UD48aqs4lZi0cMxi2Q2RIowK0tJUM9JNJEE8ZKQTTq5zvzMlUtFY3OlZQgKORoJGFCOdS9N7Dw7KFce+rFc9vwod23FqrufmxKv5Fz50jZKjAlZoDsrv/WGMU06Exgwp1XOdRAcZkppiRualfqpIgvAEjUjPUIE4UUG2uHUOz4wyhFEsTQkNF+r3iQxxpWY8NJ0c6bH67eXiX14v1VE9yKhIUk0EXi6KUgZ1DPPH4ZBKgjWbGYKwpOZWiMdIIqxNPCUTwten8H/S9mzXsd1bv9K4WsVRBCfgFJwDF9RAA9yAJmgBDMbgATyBZ4tbj9aL9bpsLVirmWPwA9bbJ78gjgo=</latexit><latexit sha1_base64="mBY3pE4UNzIrz8/L2N148DxtpOA=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFZIY2rorunFZwT6gjWUynbRDZyZhZlIoob/gxoUibv0hd/6Nk7aCih64cDjnXu69J0wYVdpxPqzC2vrG5lZxu7Szu7d/UD48aqs4lZi0cMxi2Q2RIowK0tJUM9JNJEE8ZKQTTq5zvzMlUtFY3OlZQgKORoJGFCOdS9N7Dw7KFce+rFc9vwod23FqrufmxKv5Fz50jZKjAlZoDsrv/WGMU06Exgwp1XOdRAcZkppiRualfqpIgvAEjUjPUIE4UUG2uHUOz4wyhFEsTQkNF+r3iQxxpWY8NJ0c6bH67eXiX14v1VE9yKhIUk0EXi6KUgZ1DPPH4ZBKgjWbGYKwpOZWiMdIIqxNPCUTwten8H/S9mzXsd1bv9K4WsVRBCfgFJwDF9RAA9yAJmgBDMbgATyBZ4tbj9aL9bpsLVirmWPwA9bbJ78gjgo=</latexit><latexit sha1_base64="mBY3pE4UNzIrz8/L2N148DxtpOA=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFZIY2rorunFZwT6gjWUynbRDZyZhZlIoob/gxoUibv0hd/6Nk7aCih64cDjnXu69J0wYVdpxPqzC2vrG5lZxu7Szu7d/UD48aqs4lZi0cMxi2Q2RIowK0tJUM9JNJEE8ZKQTTq5zvzMlUtFY3OlZQgKORoJGFCOdS9N7Dw7KFce+rFc9vwod23FqrufmxKv5Fz50jZKjAlZoDsrv/WGMU06Exgwp1XOdRAcZkppiRualfqpIgvAEjUjPUIE4UUG2uHUOz4wyhFEsTQkNF+r3iQxxpWY8NJ0c6bH67eXiX14v1VE9yKhIUk0EXi6KUgZ1DPPH4ZBKgjWbGYKwpOZWiMdIIqxNPCUTwten8H/S9mzXsd1bv9K4WsVRBCfgFJwDF9RAA9yAJmgBDMbgATyBZ4tbj9aL9bpsLVirmWPwA9bbJ78gjgo=</latexit><latexit sha1_base64="mBY3pE4UNzIrz8/L2N148DxtpOA=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFZIY2rorunFZwT6gjWUynbRDZyZhZlIoob/gxoUibv0hd/6Nk7aCih64cDjnXu69J0wYVdpxPqzC2vrG5lZxu7Szu7d/UD48aqs4lZi0cMxi2Q2RIowK0tJUM9JNJEE8ZKQTTq5zvzMlUtFY3OlZQgKORoJGFCOdS9N7Dw7KFce+rFc9vwod23FqrufmxKv5Fz50jZKjAlZoDsrv/WGMU06Exgwp1XOdRAcZkppiRualfqpIgvAEjUjPUIE4UUG2uHUOz4wyhFEsTQkNF+r3iQxxpWY8NJ0c6bH67eXiX14v1VE9yKhIUk0EXi6KUgZ1DPPH4ZBKgjWbGYKwpOZWiMdIIqxNPCUTwten8H/S9mzXsd1bv9K4WsVRBCfgFJwDF9RAA9yAJmgBDMbgATyBZ4tbj9aL9bpsLVirmWPwA9bbJ78gjgo=</latexit>

m = mA +mB ,
<latexit sha1_base64="Os0RXw3wKJiCiz+xj4Sjs4GiKpA=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaMeSSTNtaJIZkoxShv6HGxeKuPVf3Pk3pu0stPXAvRzOuZfcnCDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyZ+M1HqjSL5L0ZxdQXuC9ZyAg2VnoQ6BKJ7hU6sf36tFssuWV3CrRIvIyUIEOtW/zq9CKSCCoN4VjrtufGxk+xMoxwOi50Ek1jTIa4T9uWSiyo9tPp1WN0ZJUeCiNlSxo0VX9vpFhoPRKBnRTYDPS8NxH/89qJCSt+ymScGCrJ7KEw4chEaBIB6jFFieEjSzBRzN6KyAArTIwNqmBD8Oa/vEgaZ2XPLXt356VqJYsjDwdwCMfgwQVU4RZqUAcCCp7hFd6cJ+fFeXc+ZqM5J9vZhz9wPn8AnjqQmA==</latexit><latexit sha1_base64="Os0RXw3wKJiCiz+xj4Sjs4GiKpA=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaMeSSTNtaJIZkoxShv6HGxeKuPVf3Pk3pu0stPXAvRzOuZfcnCDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyZ+M1HqjSL5L0ZxdQXuC9ZyAg2VnoQ6BKJ7hU6sf36tFssuWV3CrRIvIyUIEOtW/zq9CKSCCoN4VjrtufGxk+xMoxwOi50Ek1jTIa4T9uWSiyo9tPp1WN0ZJUeCiNlSxo0VX9vpFhoPRKBnRTYDPS8NxH/89qJCSt+ymScGCrJ7KEw4chEaBIB6jFFieEjSzBRzN6KyAArTIwNqmBD8Oa/vEgaZ2XPLXt356VqJYsjDwdwCMfgwQVU4RZqUAcCCp7hFd6cJ+fFeXc+ZqM5J9vZhz9wPn8AnjqQmA==</latexit><latexit sha1_base64="Os0RXw3wKJiCiz+xj4Sjs4GiKpA=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaMeSSTNtaJIZkoxShv6HGxeKuPVf3Pk3pu0stPXAvRzOuZfcnCDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyZ+M1HqjSL5L0ZxdQXuC9ZyAg2VnoQ6BKJ7hU6sf36tFssuWV3CrRIvIyUIEOtW/zq9CKSCCoN4VjrtufGxk+xMoxwOi50Ek1jTIa4T9uWSiyo9tPp1WN0ZJUeCiNlSxo0VX9vpFhoPRKBnRTYDPS8NxH/89qJCSt+ymScGCrJ7KEw4chEaBIB6jFFieEjSzBRzN6KyAArTIwNqmBD8Oa/vEgaZ2XPLXt356VqJYsjDwdwCMfgwQVU4RZqUAcCCp7hFd6cJ+fFeXc+ZqM5J9vZhz9wPn8AnjqQmA==</latexit><latexit sha1_base64="Os0RXw3wKJiCiz+xj4Sjs4GiKpA=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaMeSSTNtaJIZkoxShv6HGxeKuPVf3Pk3pu0stPXAvRzOuZfcnCDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyZ+M1HqjSL5L0ZxdQXuC9ZyAg2VnoQ6BKJ7hU6sf36tFssuWV3CrRIvIyUIEOtW/zq9CKSCCoN4VjrtufGxk+xMoxwOi50Ek1jTIa4T9uWSiyo9tPp1WN0ZJUeCiNlSxo0VX9vpFhoPRKBnRTYDPS8NxH/89qJCSt+ymScGCrJ7KEw4chEaBIB6jFFieEjSzBRzN6KyAArTIwNqmBD8Oa/vEgaZ2XPLXt356VqJYsjDwdwCMfgwQVU4RZqUAcCCp7hFd6cJ+fFeXc+ZqM5J9vZhz9wPn8AnjqQmA==</latexit>

µ = mAmB/m,
<latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit>

+ . . .
<latexit sha1_base64="c1QGVQ/K1M/JbBBdbDWN4Jk+tSA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQklEsMeCF48V7Ae0oWw2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcNkmmGW+xRCa6G1DDpVC8hQIl76aa0ziQvBOMb2d+54lrIxL1gJOU+zEdKhEJRtFK3UvSl2GCZlCpujV3DrJKvIJUoUBzUPnqhwnLYq6QSWpMz3NT9HOqUTDJp+V+ZnhK2ZgOec9SRWNu/Hx+75ScWyUkUaJtKSRz9fdETmNjJnFgO2OKI7PszcT/vF6GUd3PhUoz5IotFkWZJJiQ2fMkFJozlBNLKNPC3krYiGrK0EZUtiF4yy+vkvZVzXNr3v11tVEv4ijBKZzBBXhwAw24gya0gIGEZ3iFN+fReXHenY9F65pTzJzAHzifP3ajj40=</latexit><latexit sha1_base64="c1QGVQ/K1M/JbBBdbDWN4Jk+tSA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQklEsMeCF48V7Ae0oWw2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcNkmmGW+xRCa6G1DDpVC8hQIl76aa0ziQvBOMb2d+54lrIxL1gJOU+zEdKhEJRtFK3UvSl2GCZlCpujV3DrJKvIJUoUBzUPnqhwnLYq6QSWpMz3NT9HOqUTDJp+V+ZnhK2ZgOec9SRWNu/Hx+75ScWyUkUaJtKSRz9fdETmNjJnFgO2OKI7PszcT/vF6GUd3PhUoz5IotFkWZJJiQ2fMkFJozlBNLKNPC3krYiGrK0EZUtiF4yy+vkvZVzXNr3v11tVEv4ijBKZzBBXhwAw24gya0gIGEZ3iFN+fReXHenY9F65pTzJzAHzifP3ajj40=</latexit><latexit sha1_base64="c1QGVQ/K1M/JbBBdbDWN4Jk+tSA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQklEsMeCF48V7Ae0oWw2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcNkmmGW+xRCa6G1DDpVC8hQIl76aa0ziQvBOMb2d+54lrIxL1gJOU+zEdKhEJRtFK3UvSl2GCZlCpujV3DrJKvIJUoUBzUPnqhwnLYq6QSWpMz3NT9HOqUTDJp+V+ZnhK2ZgOec9SRWNu/Hx+75ScWyUkUaJtKSRz9fdETmNjJnFgO2OKI7PszcT/vF6GUd3PhUoz5IotFkWZJJiQ2fMkFJozlBNLKNPC3krYiGrK0EZUtiF4yy+vkvZVzXNr3v11tVEv4ijBKZzBBXhwAw24gya0gIGEZ3iFN+fReXHenY9F65pTzJzAHzifP3ajj40=</latexit><latexit sha1_base64="c1QGVQ/K1M/JbBBdbDWN4Jk+tSA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQklEsMeCF48V7Ae0oWw2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcNkmmGW+xRCa6G1DDpVC8hQIl76aa0ziQvBOMb2d+54lrIxL1gJOU+zEdKhEJRtFK3UvSl2GCZlCpujV3DrJKvIJUoUBzUPnqhwnLYq6QSWpMz3NT9HOqUTDJp+V+ZnhK2ZgOec9SRWNu/Hx+75ScWyUkUaJtKSRz9fdETmNjJnFgO2OKI7PszcT/vF6GUd3PhUoz5IotFkWZJJiQ2fMkFJozlBNLKNPC3krYiGrK0EZUtiF4yy+vkvZVzXNr3v11tVEv4ijBKZzBBXhwAw24gya0gIGEZ3iFN+fReXHenY9F65pTzJzAHzifP3ajj40=</latexit>

PR = P · R̂
<latexit sha1_base64="1Djm0zkhgnoZznMQBpuMOiYFGA0=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi2I1QcOMyFvuAJoTJZNoOnTyYuRFCqL/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7T5AKrsCyvo3KxubW9k51t7a3f3B4ZB6f9FSSScq6NBGJHAREMcFj1gUOgg1SyUgUCNYPprdzv//IpOJJ/AB5yryIjGM+4pSAlnyz7vgdfIMdl4YJYHdCAHd8s2E1rQXwOrFL0kAlHN/8csOEZhGLgQqi1NC2UvAKIoFTwWY1N1MsJXRKxmyoaUwiprxicfwMn2slxKNE6ooBL9TfEwWJlMqjQHdGBCZq1ZuL/3nDDEYtr+BxmgGL6XLRKBMYEjxPAodcMgoi14RQyfWtmE6IJBR0XjUdgr368jrpXTZtq2nfXzXarTKOKjpFZ+gC2egatdEdclAXUZSjZ/SK3own48V4Nz6WrRWjnKmjPzA+fwCJ6JNe</latexit><latexit sha1_base64="1Djm0zkhgnoZznMQBpuMOiYFGA0=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi2I1QcOMyFvuAJoTJZNoOnTyYuRFCqL/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7T5AKrsCyvo3KxubW9k51t7a3f3B4ZB6f9FSSScq6NBGJHAREMcFj1gUOgg1SyUgUCNYPprdzv//IpOJJ/AB5yryIjGM+4pSAlnyz7vgdfIMdl4YJYHdCAHd8s2E1rQXwOrFL0kAlHN/8csOEZhGLgQqi1NC2UvAKIoFTwWY1N1MsJXRKxmyoaUwiprxicfwMn2slxKNE6ooBL9TfEwWJlMqjQHdGBCZq1ZuL/3nDDEYtr+BxmgGL6XLRKBMYEjxPAodcMgoi14RQyfWtmE6IJBR0XjUdgr368jrpXTZtq2nfXzXarTKOKjpFZ+gC2egatdEdclAXUZSjZ/SK3own48V4Nz6WrRWjnKmjPzA+fwCJ6JNe</latexit><latexit sha1_base64="1Djm0zkhgnoZznMQBpuMOiYFGA0=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi2I1QcOMyFvuAJoTJZNoOnTyYuRFCqL/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7T5AKrsCyvo3KxubW9k51t7a3f3B4ZB6f9FSSScq6NBGJHAREMcFj1gUOgg1SyUgUCNYPprdzv//IpOJJ/AB5yryIjGM+4pSAlnyz7vgdfIMdl4YJYHdCAHd8s2E1rQXwOrFL0kAlHN/8csOEZhGLgQqi1NC2UvAKIoFTwWY1N1MsJXRKxmyoaUwiprxicfwMn2slxKNE6ooBL9TfEwWJlMqjQHdGBCZq1ZuL/3nDDEYtr+BxmgGL6XLRKBMYEjxPAodcMgoi14RQyfWtmE6IJBR0XjUdgr368jrpXTZtq2nfXzXarTKOKjpFZ+gC2egatdEdclAXUZSjZ/SK3own48V4Nz6WrRWjnKmjPzA+fwCJ6JNe</latexit><latexit sha1_base64="1Djm0zkhgnoZznMQBpuMOiYFGA0=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi2I1QcOMyFvuAJoTJZNoOnTyYuRFCqL/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7T5AKrsCyvo3KxubW9k51t7a3f3B4ZB6f9FSSScq6NBGJHAREMcFj1gUOgg1SyUgUCNYPprdzv//IpOJJ/AB5yryIjGM+4pSAlnyz7vgdfIMdl4YJYHdCAHd8s2E1rQXwOrFL0kAlHN/8csOEZhGLgQqi1NC2UvAKIoFTwWY1N1MsJXRKxmyoaUwiprxicfwMn2slxKNE6ooBL9TfEwWJlMqjQHdGBCZq1ZuL/3nDDEYtr+BxmgGL6XLRKBMYEjxPAodcMgoi14RQyfWtmE6IJBR0XjUdgr368jrpXTZtq2nfXzXarTKOKjpFZ+gC2egatdEdclAXUZSjZ/SK3own48V4Nz6WrRWjnKmjPzA+fwCJ6JNe</latexit>

2PN: Ohta,  Okamura, Kimura and Hiida. 
3PN: Damour, Jaranowski and Schaefer; L. Blanchet and G. Faye.  
4PN: Damour, Jaranowski and Schaefer; Foffa (2017), Porto, Rothstein, Sturani (2019).  
  

H
<latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit><latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit><latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="FPJIgioqCVYz7ijBQARMq0yMcvs=">AAAB3nicbZDNSgMxFIXv+Ftr1erWTbAIrsqMG10KbrqsYn+gHUomvdOGZjJDckcopW/gxoUiPpY738ZM24W2Hgh8nJOQe0+UKWnJ97+9re2d3b390kH5sHJ0fFI9rbRtmhuBLZGq1HQjblFJjS2SpLCbGeRJpLATTe6LvPOMxspUP9E0wzDhIy1jKTg567FRHlRrft1fiG1CsIIarNQcVL/6w1TkCWoSilvbC/yMwhk3JIXCebmfW8y4mPAR9hxqnqANZ4tJ5+zSOUMWp8YdTWzh/n4x44m10yRyNxNOY7ueFeZ/WS+n+DacSZ3lhFosP4pzxShlxdpsKA0KUlMHXBjpZmVizA0X5MopSgjWV96E9nU98OvBgw8lOIcLuIIAbuAOGtCEFgiI4QXe4N2beK/ex7KuLW/V2xn8kff5A76Ji4w=</latexit><latexit sha1_base64="FPJIgioqCVYz7ijBQARMq0yMcvs=">AAAB3nicbZDNSgMxFIXv+Ftr1erWTbAIrsqMG10KbrqsYn+gHUomvdOGZjJDckcopW/gxoUiPpY738ZM24W2Hgh8nJOQe0+UKWnJ97+9re2d3b390kH5sHJ0fFI9rbRtmhuBLZGq1HQjblFJjS2SpLCbGeRJpLATTe6LvPOMxspUP9E0wzDhIy1jKTg567FRHlRrft1fiG1CsIIarNQcVL/6w1TkCWoSilvbC/yMwhk3JIXCebmfW8y4mPAR9hxqnqANZ4tJ5+zSOUMWp8YdTWzh/n4x44m10yRyNxNOY7ueFeZ/WS+n+DacSZ3lhFosP4pzxShlxdpsKA0KUlMHXBjpZmVizA0X5MopSgjWV96E9nU98OvBgw8lOIcLuIIAbuAOGtCEFgiI4QXe4N2beK/ex7KuLW/V2xn8kff5A76Ji4w=</latexit><latexit sha1_base64="9cY9kJtCPWSqPMMmv5ep/5txG1g=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m86LHopccq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmljc2t7p7xb2ds/ODyqHp90TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbTu9zvPnFtRKwecZZwP6JjJULBKFrpoVkZVmtu3V2ArBOvIDUo0BpWvwajmKURV8gkNabvuQn6GdUomOTzyiA1PKFsSse8b6miETd+trh0Ti6sMiJhrG0pJAv190RGI2NmUWA7I4oTs+rl4n9eP8Xwxs+ESlLkii0XhakkGJP8bTISmjOUM0so08LeStiEasrQhpOH4K2+vE46V3XPrXv3bq1xW8RRhjM4h0vw4Boa0IQWtIFBCM/wCm/O1Hlx3p2PZWvJKWZO4Q+czx/QjYzc</latexit><latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit><latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit><latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit><latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit><latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit><latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit>

v2 ⇠ GM

R
⌧ 1

<latexit sha1_base64="/sO4kAOm2zNH8lJMMIybTinBvAU=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRF0GXRhW6EKvYBTSyT6aQdOjMJM5NCCVm48VfcuFDErR/hzr9x2mahrQcuHM65l3vvCWJGlXacb6uwsrq2vlHcLG1t7+zu2fsHLRUlEpMmjlgkOwFShFFBmppqRjqxJIgHjLSD0eXUb4+JVDQS93oSE5+jgaAhxUgbqWeXxw816CnKoRdKhNOrmyy9y6DHGHR7dsWpOjPAZeLmpAJyNHr2l9ePcMKJ0JghpbquE2s/RVJTzEhW8hJFYoRHaEC6hgrEifLT2RMZPDZKH4aRNCU0nKm/J1LElZrwwHRypIdq0ZuK/3ndRIfnfkpFnGgi8HxRmDCoIzhNBPapJFiziSEIS2puhXiITBja5FYyIbiLLy+TVq3qOlX39rRSv8jjKIIyOAInwAVnoA6uQQM0AQaP4Bm8gjfryXqx3q2PeWvBymcOwR9Ynz8abJcX</latexit><latexit sha1_base64="/sO4kAOm2zNH8lJMMIybTinBvAU=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRF0GXRhW6EKvYBTSyT6aQdOjMJM5NCCVm48VfcuFDErR/hzr9x2mahrQcuHM65l3vvCWJGlXacb6uwsrq2vlHcLG1t7+zu2fsHLRUlEpMmjlgkOwFShFFBmppqRjqxJIgHjLSD0eXUb4+JVDQS93oSE5+jgaAhxUgbqWeXxw816CnKoRdKhNOrmyy9y6DHGHR7dsWpOjPAZeLmpAJyNHr2l9ePcMKJ0JghpbquE2s/RVJTzEhW8hJFYoRHaEC6hgrEifLT2RMZPDZKH4aRNCU0nKm/J1LElZrwwHRypIdq0ZuK/3ndRIfnfkpFnGgi8HxRmDCoIzhNBPapJFiziSEIS2puhXiITBja5FYyIbiLLy+TVq3qOlX39rRSv8jjKIIyOAInwAVnoA6uQQM0AQaP4Bm8gjfryXqx3q2PeWvBymcOwR9Ynz8abJcX</latexit><latexit sha1_base64="/sO4kAOm2zNH8lJMMIybTinBvAU=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRF0GXRhW6EKvYBTSyT6aQdOjMJM5NCCVm48VfcuFDErR/hzr9x2mahrQcuHM65l3vvCWJGlXacb6uwsrq2vlHcLG1t7+zu2fsHLRUlEpMmjlgkOwFShFFBmppqRjqxJIgHjLSD0eXUb4+JVDQS93oSE5+jgaAhxUgbqWeXxw816CnKoRdKhNOrmyy9y6DHGHR7dsWpOjPAZeLmpAJyNHr2l9ePcMKJ0JghpbquE2s/RVJTzEhW8hJFYoRHaEC6hgrEifLT2RMZPDZKH4aRNCU0nKm/J1LElZrwwHRypIdq0ZuK/3ndRIfnfkpFnGgi8HxRmDCoIzhNBPapJFiziSEIS2puhXiITBja5FYyIbiLLy+TVq3qOlX39rRSv8jjKIIyOAInwAVnoA6uQQM0AQaP4Bm8gjfryXqx3q2PeWvBymcOwR9Ynz8abJcX</latexit><latexit sha1_base64="/sO4kAOm2zNH8lJMMIybTinBvAU=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRF0GXRhW6EKvYBTSyT6aQdOjMJM5NCCVm48VfcuFDErR/hzr9x2mahrQcuHM65l3vvCWJGlXacb6uwsrq2vlHcLG1t7+zu2fsHLRUlEpMmjlgkOwFShFFBmppqRjqxJIgHjLSD0eXUb4+JVDQS93oSE5+jgaAhxUgbqWeXxw816CnKoRdKhNOrmyy9y6DHGHR7dsWpOjPAZeLmpAJyNHr2l9ePcMKJ0JghpbquE2s/RVJTzEhW8hJFYoRHaEC6hgrEifLT2RMZPDZKH4aRNCU0nKm/J1LElZrwwHRypIdq0ZuK/3ndRIfnfkpFnGgi8HxRmDCoIzhNBPapJFiziSEIS2puhXiITBja5FYyIbiLLy+TVq3qOlX39rRSv8jjKIIyOAInwAVnoA6uQQM0AQaP4Bm8gjfryXqx3q2PeWvBymcOwR9Ynz8abJcX</latexit>
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Importance of higher orders for LIGO/Virgo 

LIGO 
Binary pulsar 

Binary pulsar confirms  
quadrupole  radiation 
formula and not much 
else.   
 
LIGO/Virgo tests PN  
terms from GR 

LIGO/Virgo sensitive to high PN orders. 

LIGO/Virgo Collaboration arXiv:1602.03841  

Hulse-Taylor  
gravitational radiation 
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Which problem to solve? 

1.  Spin. 
2.  Finite size effects. 
3.  New physics effects. 
4.  Radiation. 
5.  High orders in perturbation theory. 

Some problems for (analytic) theorists: 

•  Needs to be difficult using standard methods. 
•  Needs to be of direct importance to LIGO theorists. 
•  Needs to be in a form that can in principle enter LIGO analysis pipeline. 

Which problem should we solve? 

2-body Hamiltonian at 3rd post-Minkowskian order 

ZB, Cheung,  Roiban,  Shen, Solon, Zeng  
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“… and we urge amplitude experts to use their novel techniques to  
compute the 2-loop scattering amplitude of scalar masses, from  
which one could deduce the third post-Minkowskian effective 
 one-body Hamiltonian.” 

Hard to resist an invitation with this kind of clarity! 

•  Difficult using standard methods. 
•  Of direct importance to LIGO/Virgo theorists. 
•  Can in principle enter LIGO/Virgo analysis pipeline. 
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Status of Calculations From Buonanno  
Amplitudes 2018 
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Quantum Field Theory and Scattering Amplitudes 
Scattering amplitudes give us quantum mechanical description of 
events at particle colliders. 

ATLAS Detector Large Hadron Collider 

Higgs boson event 

quark 

gluon 

 Tree Feynman diagram 

At first sight, does not seem to have much to do with gravitational waves 

particle scattering 

loop diagram 
higher order 
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Tree-level example: Five gluons 

Consider the five-gluon amplitude: 

If you evaluate this following textbook Feynman 
rules you find… 

Force carriers in QCD are gluons.  Similar to photons of QED 
except they self interact. 

Used in calculation of pp       3 jets at CERN 

Consider strong interactions described by Quantum Chromodynamics  
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Result of evaluation (actually only a small 
part of it): 

Messy combination of 
momenta and gluon  
polarization vectors. 
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Reconsider Five-Gluon Tree 

With a little helicity state (circular polarization) magic: 
Xu, Zhang and Chang 
and many others 

Using helicity states are good idea! 

Same physical information as on previous page. 

Will be very helpful when we compute gravitational Hamiltonian 
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Why are Feynman diagrams difficult for 
high-loop or high-multiplicity processes? 

Feynman diagrams involve 
 unphysical gauge-dependent off-shell states.  
     
 

 
 
Einstein’s relation between momentum and energy violated 
in the loops.  Unphysical states!   Not gauge invariant. 

•  Use gauge invariant on-shell physical states.   
•  On-shell formalism.  Avoid virtual particles. 
•  Don’t violate Einstein’s relation! ZB, Dixon, Dunbar, Kosower  (1998) 

Individual Feynman 
diagrams unphysical 
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From Tree to Loops: Generalized Unitarity Method 

Two-particle cut: 

Generalized    
unitarity as a 
practical tool 
for loops. 

Three-particle cut: 

ZB, Dixon and Kosower; 
ZB, Morgan; 
Britto, Cachazo, Feng; 
Ossala,Pittau,Papadopoulos; 
Ellis, Kunszt, Melnikov; 
Forde; Badger; 
ZB, Carrasco, Johansson, Kosower 
and many others 

•  Systematic assembly of  
  complete loop amplitudes  
  from tree amplitudes. 
•  Works for any number of 
  particles or loops. 

on-shell 

on-shell 

Idea used in the “NLO revolution” in QCD collider physics.   
Want to apply it to gravitational wave problem. 

ZB, Dixon, Dunbar and Kosower (1994) 

Use tree amplitudes to build higher order (loop) amplitudes. 

E2 = ~p 2 +m2
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Gravity vs Gauge Theory 

Gravity seems so much more complicated than gauge theory. 

Infinite number of  
complicated interactions 

Consider the Einstein gravity Lagrangian 

Compare to gauge-theory Lagrangian on which QCD is based 

 + … 

Only three and four 
 point interactions 

Gauge and gravity theories seem rather different. 

terrible mess 

Flat-space metric 

metric 

graviton 
field  

curvature 
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Three Vertices 

    About 100 terms in three vertex 
 Naïve conclusion: Gravity is a nasty mess. 

Three-graviton vertex: 

Three-gluon vertex: 

Standard perturbative approach: 
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Simplicity of Gravity Amplitudes 

Yang-Mills (QCD) 
gauge theory: 

Einstein 
gravity: 

“square” of  
Yang-Mills  
vertex.  

On-shell three vertices contains all information:  

People were looking at gravity amplitudes the wrong way. 
On-shell viewpoint much more powerful. 

Gravitons are like two gluons! 

E2
i � ~k2i = 0
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“color” factor 
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KLT Relation Between Gravity and Gauge Theory 

Kawai-Lewellen-Tye string relations in low-energy limit:  
gravity gauge-theory color ordered 

1.  Gravity is derivable from gauge theory.   
2.  Standard Lagrangian methods offer no hint why this is possible. 
3.  It is very general property of gravity. 

Generalizes to explicit all-leg form.  

KLT (1985) 

ZB, Dixon, Perelstein, Rozowsky 
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Duality Between Color and Kinematics 

Color factors based on a Lie algebra:  

coupling  
constant color factor 

momentum dependent 
kinematic factor 

Color factors satisfy Jacobi identity:   

Use  1 = s/s = t/t = u/u  
to assign 4-point diagram 
to others. 

Numerator factors satisfy similar identity:   

Jacobi Identity 

Atree
4 = g2

⇣nscs
s

+
ntct
t

+
nucu
u

⌘

ZB, Carrasco, Johansson (2007) 

Proven at tree level 
ZB, Carrasco, Johansson; Kiermaier; Bjerrum-Bohr, Damgaard, Sondergaard, Vanhove;  Cachazo, etc 
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 Duality Between Color and Kinematics 

Consider five-point tree amplitude: 

 kinematic numerator factor 

 Feynman propagators 

Claim: We can always find a rearrangement so color and  
  kinematics satisfy the same algebraic constraint equations. 

 color factor 
ZB, Carrasco, Johansson (BCJ) 

⇔c1 + c2 + c3 = 0 n1 + n2 + n3 = 0

c2 = fa3a4bf ba2cf ca1a5c1 = fa3a4bf ba5cf ca1a2 c3 = fa3a4bf ba1cf ca2a5

Atree
5 =

15X

i=1

ciniQ
↵i

p2↵i

Very amusing, but why is this interesting? 
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gauge theory 
(QCD): 

Einstein gravity: 
sum over diagrams 
with only 3 vertices 

Cries out for a unified description of gravity with gauge theory, 
presumably along the lines of string theory. 

Gravity and gauge theory kinematic numerators are the same! 

Gravity from Gauge Theory 
ZB, Carrasco, Johansson 

 kinematic numerator 
 factor 
 Feynman propagators 

 color factor 

ci ! ni

Underlying physical reason still unclear.  
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Web of Theories 

Double copy links various theories through their component theories.  

 arXiv:1909.01358, Section 5.  ZB, Carrasco, Chiodaroli, Johansson, Roiban   



26 

Summary 

In a very precise sense:  

Gravity  ~  (gauge theory) x (gauge theory)  

•  Gives us a good way to carry out calculations.   
•  Use it to do difficult calculations, to answer questions  
     of physical interest. 

Examples: 
 
•  5 loop supergravity to study nonrenormalizability of  
      gravity theories. 
 
 
•  G4 corrections to Newton’s potential from GR. 

ZB, Carrasco, Chen, Edison, Johansson, Roiban, Parra-Martinez, Zeng (2018)  

ZB, Cheung,  Roiban,  Shen, Solon, Zeng (2019)  
ZB,  Parra-Martinez, Roiban, Ruf. Shen, Solon, Zeng (2021) 
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What are we after? 

•  Replace scattering in General Relativity with a two body 
potential that is easy to use in bound-state problem. 

•  Extract physics juice, leaving behind complexity of 
     general relativity. 

Just like Newton’s potential, except: 
 
•  Compatible with special relativity (all orders in velocity) 
•  Valid through O(G4). 

V (r,p) = �Gm1m2

r
+ · · ·

<latexit sha1_base64="zcN8TpzhaLUtESe33xWhRptQ8MQ=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARKmpJqqAboehClxXsBZoQJpNJO3RyYWYilJAHceOruHGhiBsXgm/jNM1CW3848PGfc5g5vxszKqRhfGulhcWl5ZXyamVtfWNzS9/e6Ygo4Zi0ccQi3nORIIyGpC2pZKQXc4ICl5GuO7qe9LsPhAsahfdyHBM7QIOQ+hQjqSxHP+3UUsv1Ic+OYQ5xdggv4Ynlc4TTGxg4pqpGlvIMHkELe5EUjl416kYuOA9mAVVQqOXon5YX4SQgocQMCdE3jVjaKeKSYkayipUIEiM8QgPSVxiigAg7zY/L4IFyPOhHXFUoYe7+3khRIMQ4cNVkgORQzPYm5n+9fiL9CzulYZxIEuLpQ37CoIzgJCnoUU6wZGMFCHOq/grxEKlYpMqzokIwZ0+eh06jbhp18+6s2rwq4iiDPbAPasAE56AJbkELtAEGj+AZvII37Ul70d61j+loSSt2dsEfaV8/2vSfYA==</latexit><latexit sha1_base64="zcN8TpzhaLUtESe33xWhRptQ8MQ=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARKmpJqqAboehClxXsBZoQJpNJO3RyYWYilJAHceOruHGhiBsXgm/jNM1CW3848PGfc5g5vxszKqRhfGulhcWl5ZXyamVtfWNzS9/e6Ygo4Zi0ccQi3nORIIyGpC2pZKQXc4ICl5GuO7qe9LsPhAsahfdyHBM7QIOQ+hQjqSxHP+3UUsv1Ic+OYQ5xdggv4Ynlc4TTGxg4pqpGlvIMHkELe5EUjl416kYuOA9mAVVQqOXon5YX4SQgocQMCdE3jVjaKeKSYkayipUIEiM8QgPSVxiigAg7zY/L4IFyPOhHXFUoYe7+3khRIMQ4cNVkgORQzPYm5n+9fiL9CzulYZxIEuLpQ37CoIzgJCnoUU6wZGMFCHOq/grxEKlYpMqzokIwZ0+eh06jbhp18+6s2rwq4iiDPbAPasAE56AJbkELtAEGj+AZvII37Ul70d61j+loSSt2dsEfaV8/2vSfYA==</latexit><latexit sha1_base64="zcN8TpzhaLUtESe33xWhRptQ8MQ=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARKmpJqqAboehClxXsBZoQJpNJO3RyYWYilJAHceOruHGhiBsXgm/jNM1CW3848PGfc5g5vxszKqRhfGulhcWl5ZXyamVtfWNzS9/e6Ygo4Zi0ccQi3nORIIyGpC2pZKQXc4ICl5GuO7qe9LsPhAsahfdyHBM7QIOQ+hQjqSxHP+3UUsv1Ic+OYQ5xdggv4Ynlc4TTGxg4pqpGlvIMHkELe5EUjl416kYuOA9mAVVQqOXon5YX4SQgocQMCdE3jVjaKeKSYkayipUIEiM8QgPSVxiigAg7zY/L4IFyPOhHXFUoYe7+3khRIMQ4cNVkgORQzPYm5n+9fiL9CzulYZxIEuLpQ37CoIzgJCnoUU6wZGMFCHOq/grxEKlYpMqzokIwZ0+eh06jbhp18+6s2rwq4iiDPbAPasAE56AJbkELtAEGj+AZvII37Ul70d61j+loSSt2dsEfaV8/2vSfYA==</latexit><latexit sha1_base64="zcN8TpzhaLUtESe33xWhRptQ8MQ=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARKmpJqqAboehClxXsBZoQJpNJO3RyYWYilJAHceOruHGhiBsXgm/jNM1CW3848PGfc5g5vxszKqRhfGulhcWl5ZXyamVtfWNzS9/e6Ygo4Zi0ccQi3nORIIyGpC2pZKQXc4ICl5GuO7qe9LsPhAsahfdyHBM7QIOQ+hQjqSxHP+3UUsv1Ic+OYQ5xdggv4Ynlc4TTGxg4pqpGlvIMHkELe5EUjl416kYuOA9mAVVQqOXon5YX4SQgocQMCdE3jVjaKeKSYkayipUIEiM8QgPSVxiigAg7zY/L4IFyPOhHXFUoYe7+3khRIMQ4cNVkgORQzPYm5n+9fiL9CzulYZxIEuLpQ37CoIzgJCnoUU6wZGMFCHOq/grxEKlYpMqzokIwZ0+eh06jbhp18+6s2rwq4iiDPbAPasAE56AJbkELtAEGj+AZvII37Ul70d61j+loSSt2dsEfaV8/2vSfYA==</latexit>



28 

Effective Field Theory Approach 

Gravitational 
Scattering 

Amplitudes  

Effective 
Field Theory 

Methods 

Post 
Minkowskian 

Potentials 

Roundabout:  Start with quantum theory and take  
Efficiency:  Almost magical simplifications for gravity amplitudes. 
                    

~ ! 0

ZB, Cheung,  Roiban,  Shen, Solon, Zeng  

Goldberger, Rothstein; 
Porto; Neill, Rothstein;  
Vaydia, Foffa , Porto, Rothstein, Sturani;  
Kol, Smolkin, Levi, Steinhoff, etc. 
 

Kawai, Lewellen, Tye 
ZB, Dixon, Dunbar and Kosower  
ZB, Dixon, Dunbar, Perelstein, Rozowsky 
ZB, Carrasco, Johansson; Etc 

Amplitudes 
community 

EFT  
community 

Cheung, Rothstein, Solon (2018) 
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2 Body Potentials and Amplitudes 

Tree-level: Fourier transform gives classical potential.   

Piece of loops are classical:  Our task is to efficiently extract these pieces. 

 We harness EFT to clean up confusion 

eiSclassical/~
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Iwasaki; Gupta, Radford;   Donoghue; Holstein, Donoghue; Holstein and A. Ross;  Bjerrum-Bohr, 
Donoghue, Vanhove; Neill, Rothstein; Bjerrum-Bohr, Damgaard, Festuccia, Planté. Vanhove; 
Chueng, Rothstein, Solon; Chung, Huang, Kim, Lee;  etc. 

q
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Beyond 1 loop things quickly become 
 much less obvious: 

•  What I learned in grad school on     and classical limits is wrong!  
      Loops have classical pieces.   
•          scaling of at L loop. 
•  Double counting and iteration. 
•  Cross terms between         and    . ~

~

1/~

1/~L

Newtonian potential follows  
from Feynman diagrams V (r) ⇠

Z
d3q

(2⇡)3
e�iq·rAtree(q)

<latexit sha1_base64="g82q0p5kapYaccr8incpslgkFAE="></latexit>



30 

Effective Field Theory is a Clean Approach 
Goldberger and Rothstein 
Neill, Rothstein 
Cheung, Rothstein, Solon (2018) 

Build EFT from which we can read off potential. 
Want a Newtonian-like potential,  
 with GR corrections 

Match amplitudes of this theory to the full theory in classical limit to  
extract a classical potential of the type Newton would like.  

A, B scalars 
represents spinless 
black holes 

potential we want to obtain 

Our LIGO/Virgo theory friends want Hamiltonians. 

2 body Hamiltonian 
in c.o.m. frame. 

V

m1 m1

m2 m2
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EFT Matching 

Roundabout, but robust mean to extracts potential. 
New methods bypass this, directly giving radial action.   

(complicated) (simpler) 
Amplitude methods 
double copy 

full general relativity effective theory 

tree amplitude 

generalized  
unitarity 

loop integrand 

loop 
integration 

GR loop amplitude 

identical 
physics 

= 

Potential  V(r) 

loop integrand 

build  
ansatz 

Feynman 
diagrams 

EFT loop amplitude 

~ ! 0

loop 
integration 

Cheung, Rothstein, Solon 
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General Relativity: Unitarity + Double Copy 

  

•  Long-range force:  Two matter lines must be separated by on-shell propagators. 
•  Classical potential: 1 matter line per loop is cut (on-shell). 

Independent generalized unitarity cuts for 3 PM. 

Only independent unitarity cut for 2 PM. 

Neill and Rothstein ; Bjerrum-Bohr, Damgaard, Festuccia, Planté, Vanhove; Cheung, Rothstein, Solon  

1

2 3

4

Treat exposed lines on-shell (long range). 
Pieces we want are simple! 

Our amplitude tools fit perfectly with 
extracting pieces we want. 

gravity loops 
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Generalized Unitarity Cuts  

  

Problem of computing the generalized cuts in gravity is reduced  
to multiplying and summing gauge-theory tree amplitudes.   

2nd post-Minkowkian order 

This is then fed into integration and EFT matching 
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Two Loops and 3 PM 

  

•  More complicated than one loop, but no problem. 
•  To interface easily with EFT approach, rearrange unitarity cuts into  
      conventional-looking diagrams. 

Integrand organized into 8 independent diagrams that may contribute 
in classical limit:   

Integrate using methods of Cheung, Rothstein and Solon. 
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Amplitude in Conservative Classical Potential Limit  
ZB, Cheung, Roiban, Shen, Solon, Zeng (BCRSSZ) 

  The O(G3) or 3PM conservative terms are: 

m = mA +mB ,
<latexit sha1_base64="jWfimjFowpZDVnnghjPHEU2b6cI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaIeSSTNtaJIZk0yhDP0ONy4UcevHuPNvTNtZaOuBezmccy+5OUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg39ZsjqjSL5KMZx9QXuC9ZyAg2VvLFNRLdG3Rm++15t1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7OjJ+jEKj0URsqWNGim/t5IsdB6LAI7KbAZ6EVvKv7ntRMTVvyUyTgxVJL5Q2HCkYnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTwYbgLX55mTQuyp5b9h4uS9VKFkcejuAYTsGDK6jCPdSgDgSe4Ble4c0ZOS/Ou/MxH8052c4h/IHz+QNG0ZBu</latexit><latexit sha1_base64="jWfimjFowpZDVnnghjPHEU2b6cI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaIeSSTNtaJIZk0yhDP0ONy4UcevHuPNvTNtZaOuBezmccy+5OUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg39ZsjqjSL5KMZx9QXuC9ZyAg2VvLFNRLdG3Rm++15t1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7OjJ+jEKj0URsqWNGim/t5IsdB6LAI7KbAZ6EVvKv7ntRMTVvyUyTgxVJL5Q2HCkYnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTwYbgLX55mTQuyp5b9h4uS9VKFkcejuAYTsGDK6jCPdSgDgSe4Ble4c0ZOS/Ou/MxH8052c4h/IHz+QNG0ZBu</latexit><latexit sha1_base64="jWfimjFowpZDVnnghjPHEU2b6cI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaIeSSTNtaJIZk0yhDP0ONy4UcevHuPNvTNtZaOuBezmccy+5OUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg39ZsjqjSL5KMZx9QXuC9ZyAg2VvLFNRLdG3Rm++15t1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7OjJ+jEKj0URsqWNGim/t5IsdB6LAI7KbAZ6EVvKv7ntRMTVvyUyTgxVJL5Q2HCkYnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTwYbgLX55mTQuyp5b9h4uS9VKFkcejuAYTsGDK6jCPdSgDgSe4Ble4c0ZOS/Ou/MxH8052c4h/IHz+QNG0ZBu</latexit><latexit sha1_base64="jWfimjFowpZDVnnghjPHEU2b6cI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaIeSSTNtaJIZk0yhDP0ONy4UcevHuPNvTNtZaOuBezmccy+5OUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg39ZsjqjSL5KMZx9QXuC9ZyAg2VvLFNRLdG3Rm++15t1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7OjJ+jEKj0URsqWNGim/t5IsdB6LAI7KbAZ6EVvKv7ntRMTVvyUyTgxVJL5Q2HCkYnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTwYbgLX55mTQuyp5b9h4uS9VKFkcejuAYTsGDK6jCPdSgDgSe4Ble4c0ZOS/Ou/MxH8052c4h/IHz+QNG0ZBu</latexit> ⌫ = µ/m,

<latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit>

µ = mAmB/m,
<latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit>

� = E/m,
<latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit>

E = E1 + E2,
<latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit>

⇠ = E1E2/E
2,

<latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit>

� = p1 · p2/m1m2,
<latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit>

•  Amplitude remarkably compact. 

•  Arcsinh and the appearance of a mass singularity is new and robust feature.  
     Cancels mass singularity of real radiation, as expected from KLN theorem.  
•  IR finite parts of amplitude directly connected to scattering angle. 

•  Derived conservative scattering angle has simple mass dependence. 
Observed by Antonelli, Buonanno, Steinhoff, van de Meent, Vines (1901.07102) 
Comprehensive understanding:  Damour 

Expanded on by Kälin, Porto;    Bjerrum-Bohr,  Cristofoli,  Damgaard    

Di Vecchia, Heissenberg, Russo,Veneziano;   Damour  
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Conservative 3PM Hamiltonian 

  

ZB, Cheung, Roiban, Shen, Solon, Zeng (2019) 

The 3PM Hamiltonian: 

m = mA +mB ,
<latexit sha1_base64="jWfimjFowpZDVnnghjPHEU2b6cI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaIeSSTNtaJIZk0yhDP0ONy4UcevHuPNvTNtZaOuBezmccy+5OUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg39ZsjqjSL5KMZx9QXuC9ZyAg2VvLFNRLdG3Rm++15t1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7OjJ+jEKj0URsqWNGim/t5IsdB6LAI7KbAZ6EVvKv7ntRMTVvyUyTgxVJL5Q2HCkYnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTwYbgLX55mTQuyp5b9h4uS9VKFkcejuAYTsGDK6jCPdSgDgSe4Ble4c0ZOS/Ou/MxH8052c4h/IHz+QNG0ZBu</latexit><latexit sha1_base64="jWfimjFowpZDVnnghjPHEU2b6cI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaIeSSTNtaJIZk0yhDP0ONy4UcevHuPNvTNtZaOuBezmccy+5OUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg39ZsjqjSL5KMZx9QXuC9ZyAg2VvLFNRLdG3Rm++15t1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7OjJ+jEKj0URsqWNGim/t5IsdB6LAI7KbAZ6EVvKv7ntRMTVvyUyTgxVJL5Q2HCkYnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTwYbgLX55mTQuyp5b9h4uS9VKFkcejuAYTsGDK6jCPdSgDgSe4Ble4c0ZOS/Ou/MxH8052c4h/IHz+QNG0ZBu</latexit><latexit sha1_base64="jWfimjFowpZDVnnghjPHEU2b6cI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaIeSSTNtaJIZk0yhDP0ONy4UcevHuPNvTNtZaOuBezmccy+5OUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg39ZsjqjSL5KMZx9QXuC9ZyAg2VvLFNRLdG3Rm++15t1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7OjJ+jEKj0URsqWNGim/t5IsdB6LAI7KbAZ6EVvKv7ntRMTVvyUyTgxVJL5Q2HCkYnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTwYbgLX55mTQuyp5b9h4uS9VKFkcejuAYTsGDK6jCPdSgDgSe4Ble4c0ZOS/Ou/MxH8052c4h/IHz+QNG0ZBu</latexit><latexit sha1_base64="jWfimjFowpZDVnnghjPHEU2b6cI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaIeSSTNtaJIZk0yhDP0ONy4UcevHuPNvTNtZaOuBezmccy+5OUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg39ZsjqjSL5KMZx9QXuC9ZyAg2VvLFNRLdG3Rm++15t1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7OjJ+jEKj0URsqWNGim/t5IsdB6LAI7KbAZ6EVvKv7ntRMTVvyUyTgxVJL5Q2HCkYnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTwYbgLX55mTQuyp5b9h4uS9VKFkcejuAYTsGDK6jCPdSgDgSe4Ble4c0ZOS/Ou/MxH8052c4h/IHz+QNG0ZBu</latexit> ⌫ = µ/m,

<latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit>

µ = mAmB/m,
<latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit>

� = E/m,
<latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit>

E = E1 + E2,
<latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit>

⇠ = E1E2/E
2,

<latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit>

� = p1 · p2/m1m2,
<latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit>

3 

Newton in here 
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How do we know it is right?    
Original checks: 
•  Compared to 4PN Hamiltonians after canonical transformation 

•  In test mass limit, m1			m2, matches Schwarzschild Hamiltonian 

Thibault Damour seriously questioned correctness. 
 Specific corrections proposed. 

Damour, Jaranowski, Schäfer; Bernard, Blanchet, Bohé, Faye, Marsat 

1.  Subsequent papers confirm our result  
         in 6PN overlap. 

2.  New calculations reproducing our 3PM result. 

3.  Scattering angle check. 

4.  Adding real radiation removes mass singularity. 

Blümlein, Maier,  Marquard,  Schäfer;  
Bini, Damour, Geralico 

Cheung and Solon;   Kälin, Liu, Porto 

Damour, arXiv:1912.02139v1 

ZB, Ita, Parra-Martinez, Ruf 

3PM results have passed highly nontrivial checks and careful scrutiny. 

New calculations confirm our 3PM result: 

Di Vecchia, Heissenberg, Russo,Veneziano;  Damour  

⌧
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How do we know it is right?    
ZB, Cheung, Roiban, Shen, Solon, Zeng Primary check: 

Our Hamiltonian equivalent to 4PN Hamiltonian on overlap. 

Compare to 4PN Hamiltonian of Damour, Jaranowski, Schäfer,  
used in high precision template constructions. 

Need canonical transformation in overlap: preserve Poisson  
bracket 
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4 PN Hamiltonian   
Damour, Jaranowski, Schaefer 

n = r̂

G4 
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4 PN Hamiltonian   
Damour, Jaranowski, Schaefer 

Mess is partly due to 
gauge choice.  

After canonical  
transformation 
we match all but 
G4 and G5 terms 

G4 

G5 
Ours is all orders in  
p at G3  

n = r̂

Our goal is to not only find new powerful methods but to clean up results 
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Higher Order Scalability: O(G4) 

Methods scale well to higher orders ZB, Parra-Martinez, Roiban, Ruf,  
Shen, Solon, Zeng (2022) 



Conservative Contribution O(G4) 

Iteration.  No need to compute 

tail effect 

test particle 1st self force 

O(G4) amplitude 

� = p1 · p2/m1m2,
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⌫ = m1m2/(m1 +m2)
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elliptic 
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D = 4� 2✏

This is complete conservative contribution.  

•  Some potential disagreement with Blumlein, Maier, Marquard, Schafer; Foffa, Sturani. 
•  Our PN colleagues are working hard to track down the origin of disagreement. 

First 3 terms match 6PN results of Bini, Damour, Geralico! 

rij  rational coefficients 

ZB, Parra-Martinez, Roiban, Ruf,  
Shen, Solon, Zeng (2022) 



Comparison with Numerical Relativity 
 Khalil, Buonanno, Vines, Steinhoff; Damour and Rettego 
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An improved comparison using new dissipative results: 

4PM Conservative: ZB, Parra-Martinez, Roiban, Ruf. Shen, Solon, Zeng 
4PM Dissipative: Manohar, Shen and Ridgeway; Dlapa, Kalen, Lui, Neef, Porto  
NR: Damour,. Guercilena, Hinder, Hopper, Nagar, Rezzolla  

EOB improved 

Plot uses  

Surprisingly good agreement with numerical relativity! 
Great motivation for going to 5 PM order. 
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Outlook 

•  Pushing state of the art for high orders in G. 

•  Radiation.  

•  Finite size effects.   

•  Spin.  

To high orders 
and beyond! 

Vaidya; Geuvara, O’Connell, Vines;  Chung, Huang,  Kim, Lee; ZB, Luna, Roiban, 
Shen, Zeng; Kosmopoulos, Luna; Febres Cordero, Kraus,  Lin, Ruf, Zeng 

Cheung and Solon; Haddad and Helset;    Kälin, Liu, Porto;  Cheung, 
Shah, Solon; ZB, Parra-Martinez, Roiban, Sawyer, Shen 

Field theory methods have a lot of promise and 
their use has already been tested for a variety of  
problems. 

Cristofoli, Gonzo, Kosower, O’Connell; Herrmann, Parra-Martinez, Ruf, Zeng; 
Di Vecchia, Heissenberg, Russo, Veneziano  

ZB, Cheung, Roiban, Parra-Martinez, Ruf, Shen, Solon, Zeng 

The standard quantities of interest for the inspiral phase can all 
be computed in this formalism.  Formalism is far from exhausted. 
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•    EFTs and amplitudes give us new ways to think about problems  
     of current interest in general relativity.  
•    Double-copy idea gives a unified framework for gravity and  
     gauge theory. 
•  Combining with EFT methods gives a powerful tool for  
     gravitational-wave physics in language LIGO/Virgo can use. 

•  Pushed state of the art: O(G4) Newtonian-like conservative part. 

•  Methods nowhere close to exhausted. 

•  Higher orders in G, resummations in G, spin, finite-size effects,  
     radiation obvious paths to pursue.     

Summary 

Expect many more advances in coming years, not only for  
gravitational-wave physics, but more generally for understanding  
gravity and its relation to the other forces via double copy. 
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Double Copy:  
Z. Bern, J. J. Carrasco, M. Chiodaroli, H. Johansson, R. Roiban.  
“The Duality Between Color and Kinematics and its Applications”    
arXiv:1909.01358. 
 
Black Hole Physics from Amplitudes: 
Z. Bern, C. Cheung, R. Roiban, Chia-Hsien Shen, M. P. Solon, M. Zeng  
“Black Hole Binary Dynamics from the Double Copy and Effective Theory”  
arXiv:1908.01493 

Further Reading 


